xp(t) = X[0] + Z [Xc[k]cos2m(kfr)t) + X;[kIsin(2m(kfp)t)]  (4.36)
k=1

to+Tr

X, [k] = 2 Re(X[k]) = }2— / x(1) cos(2m(kfF)t) dt (4.37)
F
) to+Tr

X, [k] = =2 Im(X[k]) = T_ / x(t) sin(2m(kfr)t) dt. (4.38)
F

t9+TF /
X[0] = L / x(1) dt, (4.33)
T

fy

X.[0] = X[0]
X011 =0

% (4.39)
X [k] = X[k] + X7[k]
X, [k] = j (X[k] = X*[k]) k=1,2,3,...
X[0] = X.[0]
Xclk] = jXlk]
B =——2—— k=123, ... (4.40)
X k] + j X[k
X[—k] = X*[k] = __Q_;j_[]
L FS
Linearity ax(t) + By(t) «—— aX[k] + BY[k]
Time shifting X(t = to) <225 e=i2mkfX k]
Time reversal x(—1) <—£> X[—k]
Time scaling If z(t) = x(at), a > 0, then
a. On the period Tr = Ty/a:
Zk] = X[k]
o0 3
and z(f) = x(aty = ) Z{kJe/"EHx,
k=—00

A

and z(¢) = x(at) = Z Z[k]eﬂ‘n(ukﬁ;)t

k=—00



b. On the period Tr = Ty:
k] k. .
- — is an integer

Zlk] = [a a

0 otherwise

and z(t) = x(at) = i Z[k]e/2mkf)

k=—00
Change of On the period Tr = mT,, where m is a positive
representation period  integer,
[ k ] k. :
X|— — is an integer
Xm, [k] = m m
0 otherwise

d
Time differentiation  —(x(1)) <L, mkfXIk]

t

—_ . FS X[k] .
Time integration / x(N\) d\ - if X[0] =0
& j2m(kfo)
—00
Fs >,
Multiplication— x(1)y(r) «—— Z Y[g1X[k — q] = X[k] = Y[k]
convolution duality g=—00

(1) ® y(t) = / X(T)y(t — 1) dr <255 ToX[k]Y[K]
To

Conjugation x*(1) e X*[—k]

1 o ¢]
P I's th = N dt = X[k][?
arseval’s theorem 7 |x(t)| Z |X[k]]

0T k=—00



E.1 FOURIER SERIES

Continuous-Time Fourier Series (CTFS)

The following Fourier pairs are for a periodic CT function represented over the

period 7.

o0

x(t) = Y X[kle/> (ke I X[k = i/ x(1)e I3k gy
Ir

k=—0c

[o.¢]

F

, 1 :
x(t) = Z X[kle'®ert <75 X[k = T_/ x(t)e /kert gy
F JTg

k=—00

Im(x(5)

T]: = mT()
ei2mht TS Sk —m]

e T2 3k — m]

TF = mTo
Sin(2m for) 2o %(B[k +m] — 3[k — m])

sin(wgt) <> fz-(a[k +m] — 8[k — m])

(m is an integer)

X4l
A
1 o v
_._._.+._._._._—-—I—M k
Phase of X[] !
-l
4 k
m
il
el

——e
Xt
A
>

Phase of X[k]

3
Tt
S D

|
E |



x(#)

A

NAN L

TF = mTo

cos(2m for) <22, %(a[k — m] + 8[k + m])

BURYAY

>t cos(wpt) s %(S[k — m]+ 8k + m])

(m is an integer)

x(1)
A
1
i<« 5 5
> |
x0) TF = mTo =m
1
I T T ] comb(?) ei)combm[k]
p — e t (m is an integer)
-3 -2 -1 | 1 2 3
x(1)
\ Tr =Ty

o

t 1 t FS wo w
rect| — ) x —comb| — ) «——— — sinc | —k
w To T() TO TO

rect (L) * fo comb( fot) <—i> w fo sinc(wkfp)
w

t

(X11|

lq_

A

T =+

Phase of X[k]
.
m

A

T -+

—> k

Xl

LLLLLL]

> k

;\N“_

Phase of X[,

]

]

I ¢-------
L
Y
~

-

[X]|

W
Ty

Phase of X[k]

%

E
:|'~3 L —



X[

x(#)

Tr =T
1
L I
, tr1 *Tcomb<T)<i>%sinc2(%k) -TIII... "
; 0 : ¢ Phase ofXI[k]
* fo comb( for) PR N w foy sinc2(wk f;) %
a |
I 7'~0 > ew 00000000 J_ '------ﬁ‘k
_ 7
Tr =Ty
X4
. t 1 t FS w w
x(1) sinc <—) * — comb <—) «——— — rect (—k) w 4
w To T() T() T() T
A 0
1 : 4 FS
sinc (—) * focomb( for) <« w fy rect(wkfy)
i w d —
l: FS Phase of X[k]
Y IATYYYATYYVATY YV N wfo2M + 1) drel( for, 2M + 1) «—= !
W AR A AL >t . :
. A w fo rect(wk fo) ;
0 =S —
. . . To _ ‘L Ty
M is the greatest integer in — T
2w
Xk]|
(1) W
A Tr = Ty 27,
LT t 1 t FS
—(u(®) —u(t — w)) * = comb e+
w 0 0
] Phase of X[k]
1 (JQmhkw/Ty) + 1)e~/@rkw/T) _
— >t wTp (2mk/Ty)? K
w TO



