Appendix A

MATHEMATICAL METHODS

1. Sums of Powers of Integers

2. Logarithms

3. Permutations, Combinations, Factorials
4. Fibonacci Numbers

5. Catalan Numbers
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Sums of Powers of Integers

THEOREM A.1
1+24+---+n=nn+1)/2.

1°24+2°4+.--4+n’=nn+1)2n+1)/6.

Proor:
1+ 2 + 3+ -+ + n-—-1+ n= S
n+ n-14+ n-2+ --- + 2 + 1= S
n+1+ n+1+ n+14+ ... 4+ n+1+ n+1= 2§

There are n columns on the left; hence n(n + 1) = 25 and the
first formula follows.
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Other Sums

THEOREM A.2
1+24+44+...4+9"=9m_ 1,

1x142x24+3x4+---4+mx2"t=m—-1) x 2"+ 1.

In summation notation these equations are
m—1
Y 2 =2"—1
k=0

Y kx 28 =(m—-1) x2" +1.
k=1

THEOREM A.3 If |x| < 1 then

> 1 > 1
Zxk = 1 and kak_l = ﬁ
k=0 - X k=1 (1—x)
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Logarithms

Logarithms are defined in terms of a real number a > 1, which
is called the base of the logarithms. For any number x > 0, we
define log, x = y, where y is the real number such that a’ = x.
The logarithm of a negative number, and the logarithm of 0, are
not defined.

log, 1 =0,
log,a =1,
log,x <0 forall xsuchthat0 <x < 1.
0 <log,x <1 forall xsuchthatl <x <a.
log,x > 1 for all x such that a < x.
log, (xy) = (log, x) + (log, y)
log,(x/y) = (log, x) — (log, y)
log, x* = zlog, x
log,a* =z

aloga X _ X,

where x, y, and z are real numbers, x > 0 and y > 0.

As x grows large,
log x grows more slowly than x¢, for any ¢ > 0.
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The Base for Logarithms

m Base 10 gives common logarithms; often used for hand com-
putation and for expressing very large or small numbers.

m Base e = 2.718281828459 ... gives natural logarithms; it
appears often in the mathematical analysis of algorithms; de-
noted In x.

m Base 2is the most common for computer applications; denoted
lg x.

Convention

Unless stated otherwise, all logarithms will be taken with base 2.
The symbol 1g denotes a logarithm with base 2,
and the symbol In denotes a natural logarithm.
If the base for logarithms is not specified or makes no difference,
then the symbol log will be used.

To convert logarithms from one base to another, multiply by
a constant factor, the logarithm of the first base with respect
to the second.

lge ~ 1.442695041,
In2 ~ 0.693147181,
In 10 ~ 2.302585093.
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Graphs of Logarithm Functions
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Log-Log Graph, Insertion and Merge Sorts
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Harmonic Numbers

The n'" harmonic number is defined to be the sum

H—1—|—1—|—1—|— +1
" 2 3 n

of the reciprocals of the integers from 1 to .

THEOREM A.4 The harmonic number H,, n > 1, satisfies

1 1

_I_

H, =1 _
Bt Yt T 1on2 T 12008

_6’

where 0 < € < 1/(252n°%), and y ~ 0.577215665 is known
as Euler’s constant.
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Permutations and Combinations

A permutation of objects is an ordering or arrangement of the
objects in a row.

Objects to permute: abcd

Choose afirst: abcd abdc acbd acdb adbc adchb
Choose b first: bacd badc bcad bcda bdac bdca
Choose cfirst: cabd cadb cbad cbda cdab cdba
Choose d first: dabc dacbh dbac dbca dcab dchba

A combination of n objects taken k£ at a time is a choice of k
objects out of the n, without regard for the order of selection. The
number of such combinations is

n n!
Cln k)= (k) ~ K —k)!

Objects from which to choose: abcdef
abc acd adf bcf cde
abd ace aef bde cdf

abe acf bcd bdf cef
abf ade bce bef def

The number of combinations C(n, k) is called a binomial coeffi-
cient, since it appears as the coefficient of x*y" ¥ in the expansion
of (x 4+ y)".
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Stirling’s Approximation to Factorials

The following results give good approximations to the factorial
of a nonnegative integer, n! =n x (n — 1) x --- x 1.

THEOREM A.5

| = /2 (”)n 1+ 1o(d
'=V2mn (- — — 1.
" " e 12n n2

COROLLARY A.6
1 1 1 1
Inn!l=n+3)Inn—n+;In@2r)+ —+ 0 — |-
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Fibonacci Numbers

The Fibonacci numbers originated as an exercise in arithmetic
proposed by LEONARDO FiBoNAcct in 1202:

How many pairs of rabbits can be produced from a single pair
in a year? We start with a single newly born pair; it takes
one month for a pair to mature, after which they produce a
new pair each month, and the rabbits never die.

The Fibonacci numbers are formally defined by the recurrence
relation,

Fo=0, F;=1, and F,=F,—1+ F,_ o for n=>2.

By the method of generating functions, the Fibonacci numbers
are evaluated as

1
Fn:— n__ n,
\/E(qb i

where

¢=11++Vhandy =1-¢ = 11— 5).

Approximate values for ¢ and ¢ are
¢ ~ 1.618034 and ¥ ~ —0.618034.

The absolute value of ¢ is sufficiently small that F,, is always
¢" /+/5 rounded to the nearest integer.
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Catalan Numbers

DErFINITION For n > 0, the n'* Catalan number is defined
to be
C@2n,n) (2n)!

Cat = = :
atm) = = 1 T G rDm!

THEOREM A.7 The number of distinct binary trees with n ver-
tices, n > 0, is the n'" Catalan number Cat(n).

LEMMmA A.8 There is a one-to-one correspondence between
the orchards with n vertices and the well-formed sequences
of n left parentheses and n right parentheses, n > 0.

LEMMmA A.9 The sequences of n left and n right parentheses
that are not well formed correspond exactly to all sequences
of n — 1 left parentheses and n + 1 right parentheses (in all
possible orders).

CoROLLARY A.10 The number of well-formed sequences of n
left and »n right parentheses, the number of permutations of
n objects obtainable by a stack, the number of orchards with
n vertices, and the number of binary trees with n vertices
are all equal to the n'"* Catalan number Cat (n).
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Problems Related to Catalan Numbers
Bracketed form of orchards:
O a a Oa O b a a e
b b c d b f
c d

@) (a(b)) (a)(b) (a(b)(c)(d)) (a(b(c)(a@)))(e(F))

Triangulations of a hexagon:

)
)
)

<

2

<
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Numerical Results

Approximation to Catalan numbers:
Stirling’s approximation gives:
47’1

(n+ 1)/7n

Cat(n) ~

The first twenty Catalan numbers:

n Cat(n) n Cat(n)

0 1 10 16,796
1 1 11 58,786
2 2 12 208,012
3 5 13 742,900
4 14 14 2,674,440
5 42 15 9,694,845
6 132 16 35,357,670
7 429 17 129,644,790
8 1,430 18 477,638,700
9 4,862 19 1,767,263,190
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