Figure 6.1 of IATLC, Hoperoft, Motwani, & Ullman, 2001.
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Definition
= For thetransition function, d: Q" SN{e} " G®
QG
- Informaly, for i Q, al SN{¢&}, and Xi G,
d(g,a,X) = (p,g) where
 pl Qisthenext state; and

" ol G isthestring of stack symbols that
replaces X at thetop of the stack.

— If g=e, then the stack is popped.
— If g=X, then the stack is unchanged.
* aset of final states Fi Q - Ifg=YZ, then Xisreplaced by Z, and Yis

pushed onto the stack.
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Definition
- APDA,P=(Q, S, Gd,q, Z,F),isa7-tuple

consisting of

* afinite set of states, denoted Q

* afinite set of input symbols, denoted S

* afinite stack alphabet, denoted G

* atransition function, d: Q" N{e} " G® Q' G
" the start state gl Q

** the start symbol Zl G

Chapter 6: Pushdown Automata
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Figure 6.2 0f IATLC, Hopcroft, Motwani, & Uliman, 2001.

Definition Instantaneous Descriptions

'l - Example g
o - - 8 - Theconfiguration ofaPDA P =(Q,S,Gd,q.Z.F
|5 = TheCFL L={wwR |wl (0+1)"} is represented £ _ © _ g ora (QS.GdayZeF)
z by the following PDA: E isatriple (q,w,g), where
s Sy, s - gl Qisthe(current) state:
2 0. 0000 2 - wl S" istheremaning output; and
S 0o S " .
a e i N g - gl G isthestack contents. (By convention, thetop of
© {10 { © the stack is at theleft end of g and the bottom at theright end.)
[} (]
o (oL
8 St 4 \- Il - Such atripleis cdled an instantaneous description,
© G\ - a—— Ml or (D, ofthe PDA, P.
E. 111
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Moves of a PDA

- Thesymbol k=, or just = when P is understood, is
used to denote zero or more moves of the PDA

P =(Q,S,Gd.qyZ,F).
= Thais,

Moves of a PDA

- The"turnstyl€’ notation for connecting pairs of
IDs that represent one or many moves of a PDA
P =(Q,S,Gd,qpZy,F) isdenoted by t+5, or just
when P is understood.
- Suppose d(q,a,X) = (p,a). Then, for dl strings
wi S* and bl G
(9, aw, Xb) + (p,w,ab)

“ I+, forany ID I.

* | FJ, ifthere exists some ID K such that | —K
and K J. So, I-Jifthereis asequenceofn
IDs K;,K,, %4 K such that 1=K, J=K, and for

Chapter 6: Pushdown Automata
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- S0, by consuming a (which may bee) from the
input and replacing X on thetop of the stack with dl 1£i£n-1, wehave K, K.,
a, we can go from stateq to statep.
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PDA IDs and Moves

= Threeimportant principles about IDs and moves:

PDA IDs and Moves

= Threeimportant principles aout IDs and moves:

** Ifacomputation is legd for aPDA P, and
sometal of theinput is not consumed, then the
computation formed by removing this tail from
theinput ineach ID isaso legd.

* If asequence of IDs (computation) is lega for
aPDA P, then the computation formed by
adding the same additiond input string to the
end of the input (second component) in each
IDisdso legd.

= Theorem 6.5
- 1fP=(Q,S5,Gd,q,Z,F) isaPDA, and (g,x,a)

= (p,y,b), then for any stringswl S*and g G,
itisdso truethat

(@, xw, ag = (p, yw, bg)m

* Ifacomputation is legd for aPDA P, then the
computation formed by adding the same
additiond stack symbols below the stack in
eech IDisdsolegd.

B. Juliano © 2002, based on notes by 3. Ullman I-I_I:I_I:I
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PDA IDs and Moves
= Theorem 6.6
- 1fP=(Q,S,Gd,qyZyF) isaPDA, and

(@ xw, a) i (p, yw, b)
thenitisdsotruethat (q, x, a) &= (p, Y, b).

PDA Languages
- Given aPDA P =(Q,S,Gd,q,Z,F).

= P accepts aninput string wi S™if (qo,w,Zo)
(p,e,g for any find state pl F and any stack
stringd G. Thisgpproach is known as
“acceptance by final state” and the set of
strings accepted this way is denoted L (P).

= P accepts aninput stringwi S if (oW, Zo)ts
(a,e,e) for any state gl Q. Thisapproachis
aso known as “acceptance by empty stack”
and the set of strings accepted thisway is

denoted N(P).
B. Juliano © 2002, based on note: B. Juliano © 2002, based on notes by J. Ullman
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From Figure 6.4 of IATLC, Hoperoft, Motwani, & Uliman, 2001.

PDA Languages

Theorem 6.9 (From Empty Stack to Final State)

= IfL=N(P,) for some PDA P=(Q,S,Gdy,0q0,.Zo.F),
then thereis aPDA Pg such that L=L(Py).

\
}.
(o)

PDA Languages
Theorem 6.9 (From Empty Stack to Final State)
= (Constructive) Proof, continued:

*+ Construction of PDA P ...

+ Introduce anew find state p, for P..

+ For every stateql Q, d-(g,6,%X,) = (p; .€).

** Doesthisredly work? Forwl Q" wherewl N(P,):
(PoW X k- (A WZpX)) b (a8 X0) k= (. €€)

+ S0, P accepts w by find state.

B. Juliano © 2002, based on notes by J. Uliman
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PDA Languages
Theorem 6.9 (From Empty Stack to Final State)
= (Constructive) Proof:
= Given L=N(P,) for some PDA P,=(Q,S,G,d\,00.Z,.F).
** Construct aPDA P asfollows:

+ Introduce new start state p, and new bottom-of-
stack marker X,

+ First moveof P d-(pp,e,Xo) = (G, 2%

+ Then, P-simulaesP,; i.e. giveP- dl the

transitions of By

B. Juliano © 2002, based on notes by J. Ullman

From Figure 6.5 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

PDA Languages
Theorem 6.9 (From Empty Stack to Final State)
- Example
* Consider thefollowing PDA, P, = (Q={q}, S={i.€},

GH 7}, dy, 9, Z, F=A), which processes sequences
ofi f’s(denotedi) and el se’ s(denotede) inaC

program: e e
# _K{':{.f.'
Start N
* Noticetha accepts/recognizesif/e seerrors by the
empty stack.

B. Juliano © 2002, based on notes by J. Ullman
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From Figure 6.6 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

PDA Languages

Theorem 6.9 (From Empty Stack to Final State)

From Figure 6.7 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

PDA Languages

Theorem 6.11 (From Final State to Empty Stack)

= IfL=L(Pf) for some PDA P=(Q,S,Gdg,q,.Z,,F),
then thereis aPDA Py such that L=N(P,).

= Exampl €, continued

-+ Construct from P aPDA P that accepts the same
language by final state.

i, ZrEL
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** Hence, Pe = ({a} N{p,=p,p;=r}, S={i e},
{ZIN{ X}, de, Po=p, Xo {P=T}):

B. Juliano © 2002, based on notes by 3. Ullman m
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PDA Languages
Theorem 6.11 (From Final State to Empty Stack)
= (Constructive) Proof:

PDA Languages
Theorem 6.11 (From Final State to Empty Stack)
= (Constructive) Proof, continued:
= Construction of PDA Py ...

+ For every stateql F, and any stack symbol Y1 G,
d-(a.eY) = (p.e).

+ For any stack symbol YI G add thetransition
d-(p.e,Y) = (p.€) to usestate p as an auxiliary to
keep popping the stack of Py, until it isempty.

= Forwl Q" wherewl L(Pg) andql F:
trmsitions Of PF' (p()vwvxo)'FN (qoyWZoXo)i;_N (qaeyxg)|;_N (pveye)

+ So, P, accepts w by empty stack.
B. Juliano © 2002, based on notes by J. Ullman B. Juliano © 2002, based on notes by J. Ullman
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= Given L=L(P;) for some PDA P=(Q,S,Gd.,q,.Z,,F).
= Construct aPDA P, asfollows:

+ Introduce new start state p,, new statep, and a
new bottom-of-stack marker X,.

+ First moveof Py: dy(pg.eXy) = (A ZoX0)-

+ Then, P simulaesP; i.e. giveP,, dl the
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Equivalence of PDAs & CFGs

= Thefollowing three classes of |anguages:
** CFLs; i.e. languages defined by CFGs
"+ Languages accepted by find state by some PDA
* Languages accepted by empty stack by some PDA

Equivalence of PDAs & CFGs

= From CFGsto PDAs
- LetL =L(G) forsomeCFGG=(V, T,P, 9.
- ldea Have PDA A simulate |eftmost
derivationsin G, where aleft-sententia form
is represented by
"+ the sequence of input symbols that A has
consumed from its input, followed by
" A's stack top

- Example If (q,abcd, S+ (q,cd,ABC), then the
| eft-sententid form represented is abABC.

B. Juliano © 2002, based on notes by J. Ullman m

aed| thesameclass!

[ We've shown these through T heorems 6.9 and 6.11
’ . e ~ — ’
PDA by PFDA by

Chapter 6: Pushdown Automata
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R . Empty stuck )/ ol state J
e P o\ e s
We need to show these ne(tm

B. Juliano © 2002, based on notes by 3. Ullman |

Equivalence of PDAs & CFGs

= From CFGsto PDAS, continued:
- Movesof A

" Ifatermind al T ison top of the stack,
then there better be an a waiting on the
input. PDA A consumes symbol a from
theinput and pops it from the stack, if so.

Equivalence of PDAs & CFGs

= From CFGsto PDAS, continued:

- Formdly, PDA A= ({q}, S, VNS, d, q, S, &)
where d is defined by
" if Bl V, then
d(g,eB)={(g,a) | B® a isinP}; or
" ifal S, thend(g,a,a) = {(q.e)}.

Chapter 6: Pushdown Automata
Chapter 6: Pushdown Automata

" Ifavariable Bl Vison top of the stack, " Example:
then PDA A has achoice of replacing B on " GivenCFG G = ({SA},{0,1},P,S) where
the stack by the body of any production P consists of
with head B. S ® AS|e

B. Juliano © 2002, based on notes by J. Ullman m B. Juliano © 2002, based on notes by J. Ullman m
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Equivalence of PDAs & CFGs

= From CFGsto PDAS, continued:

- Example
- Then, PDAM = ({q}, {0,1}, {0,1,A/S}, d,
a, S, A), wheredis defined by

" da.eS = {@AS),(a.e)}

" d(g.eA) = {(a,0A1),(q,A1),(q,01)}
" d(0,0,0) = {(@e)}

" d(a,1,1) = {@e)}

uliano © 2002, based on notes by J. Uliman I-I_I:I_I:.

= From PDAsto CFGs

B. Juliat

Equivalence of PDAs & CFGs

- Let L=N(P) for some PDA P=(Q,S,Gd,qo,Zg,F).

- ldea: Units of PDA action have the net effect of
popping one symbol from the stack, consuming
some input, and making a state change.

- For g,pl Q and Xi G, the composite symbol
[aXp] isasingle CFG vaiablethat generates
exactly those strings w such that P can read w
from theinput, pop X (net effect), and go from
state q to state p.

©2002. nnotes I-l_—_

April 15, 2002 © B. .Jullano Computer Science @ CSU, Chico
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B. Juliat

Equivalence of PDAs & CFGs

= Theorem 6.13

- If PDA P is constructed from CFG G by
the construction aove, then N(P) = L(G).

= Proof:

= By induction on the number of stepsin the
derivaion Slﬁ a that for any x, (g,wx,S) -
Q.x,b), where
" wb=a
" b isthesuffix of a that begins a the leftmost

variable (b=eifthereisis no vaiable)
= Proof detail in textbook

N0 © 2002, based on notes by 3. Ullman I_I_I:I_I:.

Equivalence of PDAs & CFGs

= Theorem 6.14
- Let P=(Q,S,G,d,qp,Zo,F) beaPDA. T hen,
thereis aCFG G such tha L(G) = N(P).
= (Constructive) Proof.

- Construct CFGG = (V, S, P, §) where
** V consists of
A thestat symbol, S, and

A dl symbols of theform [gXp], whereg,pl Q
and XI G

liano © 2002, based on notes by J. Ullman I_I_I:I_[.
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Equivalence of PDAs & CFGs

= (Constructive) Proof, continued:

Equivalence of PDAs & CFGs

= (Constructive) Proof, continued:

** P consists of
A S® [gpZop], for dl states pl Q.
A Let (r,Y.Yow VI d(g.a,X), where
e al SN{e}
Bk can beany number, including O, in
which case(r,Y,Yow Y)) = (r.e)
Thenfordl ryrow 1 Q,G hasthe
production
[aXrd ® a[rYaral[riYoraw [ricqYird

B. Juliano © 2002, based on notes by 3. Ullman I-I_I:I_I:.

* Hence, productionsin P could be of the form
* popping rule, [gZp] ® a, whenever
(pe)l d(@a,2) ;

* one stack symbol, one state replacement
rulg [qZr] ® a[pYr], fordl rT Q, whenever

(p.Y)1 d(g.a2); or

* one stack symbol replaced by two rule,
[0Zs] ® a[pXr][rYs], fordl r,sl Q,

whenever (p,XY)I d(g,a,2).

Chapter 6: Pushdown Automata
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Equivalence of PDAs & CFGs

= From PDAsto CFGS, continued:

- Example Recdl thePDA, P, =(Q={q}, S={i,¢&,
GH 7}, d ., q, Z, F=A), which processes sequences

ofi f's(denoted i) and el se’ s(denoted €) inaC
program:

Equivalence of PDAs & CFGs

= From PDAsto CFGS, continued:
= So, the essence of the Theorem is
[gXp]B w ifand only if (q,w,X)+(p,e€)

¢ E

i, AR

- Show the above holds by induction
= (If) on number of moves made by PDA

** (Only-if) on number of steps in the derivation Start N

q I

Chapter 6: Pushdown Automata
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= Proof detail in textbook ... and accepts/recogni zes if/d se errors by the emmpty stack
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Equivalence of PDAs & CFGs

= From PDAsto CFGS, continued:
= Construct CFGG = (V, S, P, S) where

** V consists of
A thestat symboal, S, and
A [gZq], the only composite symbol

" P consists of
A S® [qZq]
A [azd] ® i[qZd][qZal, since(q,Z2)1 d(q,i,Z)
A [gZq] ® e, since(q,) dy(a.e2)

B. Juliano © 2002, based on note:

Deterministic PDAs

- APDA, P=(Q,S,Gd,q,Z,F), isadeterministic

PDA or DPDA if and only if the following
conditions are met:

A |d(g,aX)| £ 1 for any state gi Q, input symbol
al SN{ e}, and stack symbol Xi G

A If d(g,a,X)t Afor someal S, thend(qg,e,X)=/A

= Note Pasas areDPDAS...

April 15, 2002 © B. Juliano, Computer Science @ CSU, Chico
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Equivalence of PDAs & CFGs

= From PDAsto CFGS, continued:

= Hence, replacing the composite symbol [gZq] by A,
the CFG G has the productions
S® A
A® iAAle
= Furthermore, CFG G can be simply written as

G=({S} {ie, {S® iSS|e}, 9

B. Juliano © 2002, based on notes by J. Ullman

Deterministic PDAs
- Example

- DPDA that accepts { wewR |wi (0+1)"}

U, Zj4 10Z,
P S B
o, 0
0, 1M
R b, 0f €
Lo 141} | I/ E

Start 1 a3

-— ".";|. - G| - '|’_'

uliano © 2002, based on notes by J. Ull




Deterministic PDAs Deterministic PDAs

Regular Languages and DPDAs

- The DPDAs accept aclass of languages that is
between the RLs and the CFLs.

Theorem 6.17
- If L isRL, then L=L(P) for some DPDA P.

- A language L is sad to havethe prefix property
if there are no two different stringsx and yin L
such tha x is aprefix of y.

- Theorem 6.19
= A language L is N(P) for some DPDA P if and
only if L has the prefix property and L is L(P¢
for some DPDA P¢

Pr oof:
" Let A=(Q,S,dp,0,F) beaDFA.
= Construct DPDA P = (Q,S{Zy} ,dr.00,.Z,,F) by
defining dp(g,2,2,) = { (p.Zy)} for dl states p,ai Q,
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Deterministic PDAs

- DPDAsand CFLs

= Thelanguages accepted by DPDAs by fina
state properly include the regular languages,
but are properly included in the CFLs.

- DPDAs and Ambiguous Grammar s
- Theorem 6.20

- If L=N(P) for some DPDA P, thenL has
an unambiguous CFG G.

= Theorem 6.21

Equivalence of PDAs & CFGs

= Alternate construction, CFG® PDA

- ldea Instead of constructing a PDA with only
one state (as in our textbook), create extra
temporary staes to push additiond symbols
into the stack. (T his mode s production rules
that have abody with more than one symbol.)

- GivenCFGG=(V,S, P, 9.
= Construct PDA P = (Q,S,VNS,d,0s,Z,.{f})

such that Q contans start state g, find state

shiichhdmn 11 1l | N
B. Juliano © 2002, based on notes liman B. Juliano © 2002, based on notes by J. Ullman
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Equivalence of PDAs & CFGs

= Alternate construction, continued:

Equivalence of PDAs & CFGs

= Alternate construction, continued:

= P’stransition function, d, contans: = Add into d as foll ows:

" d(os.e.€) = { (0,9}
- d(gs,a,@) = {(qg;,8)}, fordl al S

odg, e A) " (g, W)
- d@; & € = { (@ j+1, Wiy}, for IEjEk-2

* For every ruler; = (A® wyw,w W) in P,
where each wl VNS, 1£j£k, creste k-1
New sStaes g 3, G 2 W, G kg -+

B. Juliano © 2002, based on notes by 3. Ullman I-I_I:I_I:.

" d(qiyk_l, € e) = {(qf’ Wl)}

- IfKkE, i.e. rj = (A® wy) wherew;l VNSN({e},
then define (g; ,wy)l d(q , e, A).

B. Juliano © 2002, based on notes by J. Ullman I_I_I:I_[.
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Equivalence of PDAs & CFGs

= Alternate construction, continued:

- Example Consider CFG G=({S},{a,b},P,S,
where P contains S® aS|ashS|e

Equivalence of PDAs & CFGs

= Alternate construction, continued:
- By the construction in our textbook:

= Thetransition diagram for PDA P; is
= By the construction in our textbook:

, ST AS
- PDA P, = {q},{ab} {Sab},da,SH o o/ aS
where StaL——@D eSle
v d@eS = {(@.aS),(q,.ah9,(q.6} SZ;E
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Chapter 6: Pushdown Automata

" d(g.aa) = {(.e)}
* Notethat L(G) = N(P)).

d(a.bb) = {(@.e)}
B. Juliano © 2002, based on notes by J. Ullman B. Juliano © 2002, based on notes by J. Ullman
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Equivalence of PDAs & CFGs

= Alternate construction, continued:

Equivalence of PDAs & CFGs

- Alternate construction, continued:
- By dternate construction:
** Forruler; = (S® aS)inP:

- By dternate construction:

- Initidly, PDA P, = ({0.,0¢}, {a,b}, {Sa,b},

d. g5 & {a}) - Createk-1=1 new stae, g ;.

d(gs.e8) = { (0 S}
d(gs.a.a) = { (a8}
d(ay,b,b) = { (ar &)}

B. Juliano © 2002, based on notes by 3. Ullman I-I_I:I_I:.

** Add thefollowing into d:
- G, 69" (A1)
- d(ag1, & €)= { (@, a)}

B. Juliano © 2002, based on notes by J. Ullman I_I_I:I_[.
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Equivalence of PDAs & CFGs

= Alternate constr uction, continued:
- By dternate construction:
** Forruler, = (S® aShS) inP:
-+ Cregtek-1=3 new staes, s 5, 0, 2 0, 3

" Add thefollowing into d:
CdG.e 9" (1S

+ d(0p,1, 8 € = {(gy,2 b)}

- (%2 6 € ={(0y3 S}

SCIERUT [ 1 LI
B. Juliano © 2002, based on notes by J. Uliman B. Juliano © 2002, based on notes by J. Ullman
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Equivalence of PDAs & CFGs

= Alternate construction, continued:
- By dternate construction:
** Forruler;=(S®e)inP:
* No new states to add!
" Add thefollowing into d:
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Chapter 6: Pushdown Automata




Equivalence of PDAs & CFGs

= Alternate construction, continued:
- By dternate construction:
- Thetransition diagram for PDA P, is

Copyright and Intellectual Property Notice

This document and parts of its contents are the Intellectual
Property (IP) of Dr. Benjoe A Juliano of the Department of
Computer Science at California State University, Chico (CSUC).
Dr. Juliano claims exclusive moral rights of ownership under
current Copyright Laws (Title 17 of the United States Code and
1998 Digital Millenium Copyright Act) and IP Policies/Guidelines
(CSUC EMB3-08, EMI7-07, and Article 39 of the CFAICSU
Contracf) including, but not limited to:

- the exclusive right to copy, reproduce, and/or distribute this

document;

- the right to be identified as the creator of this work (the right
of attribution);

- the right to take action against false attribution; and

- the right to object to derogatory treatment of this work (the
right ofintegrity).
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