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CSCI 256: Theory of Computing Context-Free Gramma'rs‘

- An Informal Example
" Loy ={wWl {0,1}" | w=w?}

= A context-free grammar for paindromes:
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Context-Free Grammars Context-Free Grammars

- Definition
- A context-free grammar G is described by a
four-tuple, G=(V,T,P,S where
-V, afiniteset of variables (or nonterminals, or

syntactic categories), represents alanguage; i.e. aset
of strings;
- T, afiniteset ofterminals (or symbols, or terminal

symbols), form the strings of the language be ng
defined;

- PaV’ (VNT), afiniteset of productions or rules,
represent the recursive definition of alanguage; and

= 9V, thestart symbal.
B.Juliano © 2002, based on notes by J. Uliman B.Juliano © 2002, based on notes by J. Uliman
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- Example

- G=({SA}.{0,1},P,9 is aCFG tha generates
strings of 0’s and 1’ s such that each block of
O'sisfollowed by at least as many 1's, where
P is denoted by:

S® AS|e
A® 0AL|Al]|O0L
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Context-Free Grammars
- Example

- G=({EI}.,{+*,(),a,b,0,1},P,E) isaCFG for
simple expressions, where P is denoted by:

E® |

E® E+E

E® E*E

E® (E)

® a

® b

® la

®

®

®

=

Ib
10

©CONo kWD

'_\
o

B.Juliano © 2002, based on notes by J. Ul

fotwani, & Uliman, 2001

D

Context-Free Grammars

- Sentential Forms
- 1f G=(V,T,P,S) isaCFG, then any string a in
(VNT)" such tha Sb a isasentential form.
- Leftmost and Rightmost Derivations

- A leftmost derivation dways replaces the
leftmost variablein asententia form.

- Notation: P or B
= A rightmost derivation defined anaogously.

- Notation: b orl?;

B.Juliano © 2002, based on notes by J. Ulima
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- Derivations using a Grammar

Context-Free Grammars

- Recursive inference takes strings known to be
in the language and then uses the rules from
body to head.

= Derivations use the productions from head to
body; the language of the grammar is dl strings
of terminas obtained this way.

- aAbb agb whenever thereis aproduction A® g

- abb means string a can becomeb in zero or
more derivation steps

iano © 2002, based on notes by J. Ulman I_I_I:I_I:'

Context-Free Grammars

Language of aCFG

- 1f G=(V,T,P,S) isaCFG, thelanguage of G,
denoted L(G), is defined as

L(G) = {w T |Sbw}
L(G) is acontext-free language, or CFL.

Theorem 5.7

- L(G,,), where G, is the grammar in Slide#2,
isthe set of paindromes over { 0,1} .

iano © 2002 based on notes by J. Ulman I_I_I:I_[’
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Context-Free Grammars Parse Trees

. = Definition
= Other Sentential Forms

~ - A parsetree, or derivation tree, is atree
- Given CFG G=(V,T,P,S) and al (VNT)"

representation for derivations from CFG
G=(V,T,P,S) where
= Nodesarelabded by xI VNTN{ €.
- interior nodesarelabeed by vi V
- leavesarelabded by tI TN{ €} ; aledf can be
labded eifit istheonly child of its parent
= Ifaninterior nodeislabded A, and its children are
labded X, X,,.... X, respectively, from | eft to right,
then A® X X,w X, where XT VN T isaproduction

B.Juliano © 2002, based on notes by J. Uliman m

-f Sla a, then a is aleft-sentential form.
" If B a, thena isaright-sentential form.

* TheCFL L(G) arethose sententia forms
that arein T'; i.e. they consist only of
terminds.

B.Juliano © 2002, based on notes by J. Uliman I-I_I:I_I:I
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From Figure 5.4 of IATLC, Hoperoft, Motwani, & Ullman, 2001

Parse Trees

From Figure 5.5 of IATLC, Hopcroft, Motwani, & Ullman, 2001

Parse Trees

- Example - Example

- A pasetreethat uses the expression grammar
of Slide #5 showing the derivation EB |1+E.

- A parsetree for the palindrome grammar of
Slide #2 showing the derivation PB 0110.

by production #2 f ) by production #4

')

| I
by production #1

by producton #1

B.Juliano © 2002, based on notes by J. Uliman m
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i F i )
by production #5
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Parse Trees

£

Parse Trees
= Yield of aParse Tree

- Theyield of aparsetreeisthestringwl T
derived by concatenating, from theleft, the
|abdl s of the | eaves of the parse tree.

- Let P denotethe set of dl parse trees whose

- Example

- Parsetree showing ' ' f '
a*(a+b00) isinthe

yidds are strings in the language of the language of the
underlying grammar. Then, each pi P hasthe expression grammar ! ]
of Slide #5.

following features:

- Theyiddof pisatemind string; i.e., dl leaves
aelabded either with atermind or e

= Theroot of p islabded by the stat symboal.
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From Figure 5.7 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

Parse Trees Parse Trees

= From Inferencesto Trees

= Theorem 5.12
- Let G=(V,T,P,S) beaCFG. Ifthe

= |Infer ence, Derivations, and Par se Trees

= Plan for proving the equivaence of certain
statements about granmars:

’ - —— Fanie recursive i nference procedure tells us that
Leftmost Iree ~ . ~
derivation _ . wl T*isinthelanguage of Al V, then there
el isaparsetreewith root A and yidd w.
- Rightrmost _
Derivation == denvation Recursive Proof: . . .
_ , inference = By induction on the number of steps used to infer
- that wi T" isin thelanguage of Al V.

Chapter 5: Context-Free Grammars &Languages
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= Proof:

Chapter 5: Context-Free Grammars &Languages
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Parse Trees

1

= From Inferences to Trees, continued ...

= BASIS: Only onestepis used to infer that wi T
isin thelanguage of Al V.

= Theremust beaproduction A® w whose parse
treeis given above

igure 5.8 of IATLC, Hopcroft, Motwani, & Ullman, 2001

-

= Proof:

Case LXI T.

Thenw=X; and
theyidd of
thesubtreeis w.
Case 2: X1 V.
Then by IH there
is aparsetreewith
root X and

Parse Trees
= From Inferencesto Trees, continued ...

theyidd of

thesubtresis w. /

B.Juliano © 2002, based on notes by J. Uliman
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= INDUCTIVE STEP, continued: L&t thelast step of
theinferencethat Wi T isin thelanguageof Al V
use the production A® X, X,w X, where X1 VNT.

A

From Figure 5.9 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

| vl [ﬂ
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Parse Trees

= From Inferences to Trees, continued ...
= Proof:

= INDUCTIVE HYPOTHESIS: Supposethat for
dl stringsxi T and Bl V where the membership
of x in thelanguage of B was inferred using n or
fewer steps, there exists aparsetreewith root B
andyiddx.

= INDUCTIVE STEP: Consider the case where
n+1 inference steps are used to infer that wi T* is

in thelanguage of Al V.

B.Juliano © 2002, based on notes by J. Uliman

Parse Trees

= From Treesto Derivations

- Theorem 5.14
- Leat G=(V,T,P,S) beaCFG, and suppose
thereis aparse treewith root labeled Al V
and withyiddwl T'. Thenthereisa
|eftmost derivation AP win grammar G.

= Proof:
= By induction on the height of the parsetree.

B.Juliano © 2002, based on notes by 3. Uliman
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From Figure 5.8 of IATLC, Hoperoft, Motwani, & Ullman, 2001

Parse Trees Parse Trees

= From Treesto Derivations continued ... = From Treesto Derivations continued ...

= Proof;:

- BASIS: Theparsetreawith root labded Al V and
yiddwi T has height 1.

i

= Proof:

= INDUCTIVE HYPOTHESIS: Supposethat for
dl parsetrees with root labeled AT V, yiddwl T,
and height n or fewer, thereis aleftmost
derivation Alla*mwin grammar G.

= INDUCTIVE STEP: Consider the casewherea
parsetreewith root labeled Al V and yiddwi T*
has height n+1.

B.Juliano © 2002, based on notes by J. Uliman m

= Theremust beaproduction A® w; thus, AI? wis
aone-step, leftmost derivation of w from A.

B.Juliano © 2002, based on notes by J. Uliman m
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From Figure 5.9 of IATLC, Hoperoft, Motwani, & Ullman, 2001.

Parse Trees
= From Treesto Derivations continued ...

Parse Trees
= From Treesto Derivations continued ...

= Proof.
= INDUCTIVE STEP, continued: Theroot of the
parsetreeis Al V with children X, X,w ,X, from
theleft, and where X1 VNT.

= Proof.
= INDUCTIVE STEP, continued: Construct aleftmost
derivation of w beginning with AP X, X;w X; then,
for each 1£i£Kk, in order,

- A *
Case 1: X] T. AB Ww W W, X XWX
Then w=X . . .
Case 2: X] V. * By inductiononi:

Thenby IH X is L

root of aparsetree
withyidd of w.and
height & most n, so
thereis aleftmost

A Bagis i=0. Weknow AR X Xw X, .

A IndHyp: AssumeAB www w, X X

i 7N
deivaion XP w Wy

Wy e i
___ r
B.Juliano © 2002, based on notes by J. Uliman 1772 k | ._I_.J:H B.Juliano © 2002, based on notes by 3. Uliman m
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Parse Trees
= From Treesto Derivations continued ...

= Proof.
= INDUCTIVE STEP, continued:
* By inductiononi:
A IndStep: Consider AP www W, X X, w X,
7 I XT T, then AP wyww w, X, X, ,w X
Im i N2 k

1 1f X1 V, continuewith aderivation of w
from X. Ifthisderivationis

Xp ababw bw
Im Im

Him Im I

B.Juliano © 2002, based on notes by J. Uliman m
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Parse Trees

= From Treesto Derivations

- Theorem 5.16
= Let G=(V,T,P,S) beaCFG, and suppose
thereis aparse treewith root labeled Al V
and withyiddwl T'. Thenthereisa
rightmost derivation AE;“ w in grammar G.

= Proof.
= Similar to proof of Theorem 5.14 ...

Chapter 5: Context-Free Grammars &Languages
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Parse Trees

= From Treesto Derivations continued ...

= Proof.
* Byinductiononi:
... proceed with

W1W2W Wi»l i

WWW W ay X, WX, B

17%4

wWWW W, a, X, W X, P

-1 72704

W1W2W VViXi+lXi+2W xk

Thereisaderivation Ab w,ww w

B.Juliano © 2002, based on notes by J. Uliman

X X0 X, P

Im

X XWX,

[N E - R £

Parse Trees

= From Derivations to Recur si ve I nfer ences

= Theorem 5.18

- Leat G=(V,T,P,S) beaCFG, and suppose

B.Juliano © 2002, based on notes by 3. Uliman

thereis aderivation AB w wherewl T".
T hen the recursive i nference procedure
goplied to G determines tha wisin the
language of Al V.

= Proof:
= By induction on thelength of the derivation

AB w.

Page7




Parse Trees Parse Trees

= From Derivations to Recur sive | nfer ences contd = From Derivations to Recur si ve | nfer ences contd

= Proof;: = Proof:

- BASIS: Ifthelength of thederivation AP wisone
step, then A® wmust beaproduction. Since
wl T', win thelanguage of A.

= INDUCTIVE STEP: Consider the case where the
derivation takes n+1 steps. Writethederivation as
Ab X Xw X,B wi T where X1 VNT. Bresk w

asw=w,W,w w,, where
< IfXT T, then w=X.
* 1fX1 V, then XP w,. Sincethefirst step of

thederivation AB w is surely not part of the
derivation X B w, weknow the derivation

XP w;is of nor fewer steps. m
B.Juliano © 2002, based on notes by J. Ullman

= INDUCTIVE HYPOTHESIS: Supposethat for
any derivation of length & most n, therecursive
i nference procedure applied to CFG G=(V,T,P,9)
determinesthat wi T" isin thelanguage of AT V.

B.Juliano © 2002, based on notes by J. Uliman m
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Parse Trees
= From Derivations to Recur sive | nfer ences contd

CFG Applications

- Context-free grammars were origina ly concel ved
by Noam Chomsky (in 1956) as away to
describe naturd |anguages.

= Proof:

= INDUCTIVE STEP, continued:
" ThelH applies to the derivation X,P w,, and so
W is inferred to bein the language of X..

- Grammars are used to describe programming
languages. Language descriptionsin CFG
form can be converted into a parser.

= Anessentid pat of XML (Extensible Markup
Language) is the Document Type Definition
(DTD), which is essentidly aCFG. XML is
widdy predicted to facilitate ee.commerce by

= So, we have aproduction A® X, Xw X, withw,
ether equa to X, or known to bein the language of
X. Inthe next round of the recursive inference

procedure, w,w,w W, isin thelanguegeof A. Since

w,W,wW wW,=w, we have shown that w is inferred to dlowing participants to share documents.

bein thelanguage of A.
1 0 M R A

April 01, 2002 © B. Juliano, Computer Science @ CSU, Chico Page 8
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igure 5.18 of IATLC, Hopcroft, Motwani, & Ullman, 2001

Ambiguity Ambiguity

_ - Example
= Ambiguous Grammars
= A CFG G=(V,T,P,S) isambiguous if thereis
a least onestring wi T* for which we can find
two different parse trees, each with root
labeled Sand yidd w. If each string has a
most one parse treein the grammar, then the
grammar is unambiguous.

- Thestring a+a* a has two derivations from E

of the expression grammar of Slide #5.
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igure 5.17 of IATLC, Hopcroft, Mowani, & Ullman, 2001

Ambiguity Ambiguity

= Removing Ambiguity in Grammars - Example:

= Thereis no agorithm whatsoever that can tell
us whether aCFG is ambiguous.

- There are CFLs that have nothing but
ambiguous CFGs; for these languages,
remova of ambiguity isimpossible

= Alas, for the sorts of constructs that appear in
programming languages, there are well-known
techniques for diminating ambiguity.

B.Juliano © 2002, based on notes by J. Uliman m B.Juliano © 2002, based on notes by J. Uliman m
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- Consider expression grammar from Slide #5.
= Precedence of operators not embodied.
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From Figure 5.17 of IATLC, Hopcroft, Motwani, & Ullman, 2001

Ambiguity Ambiguity

- Exampl e, continued: - Exampl e, continued:

= Consider expression grammar from Slide #5.

- Left associativity for identica operators not
embodied.

= Consider expression grammar from Slide #5.

= Solution? Introduce severd different variables,
each representing some “binding strength”.

* Afactor isan expression that cannot be broken
apart by any adjacent operator.

* Aterm isan expression that cannot be broken
by the + operator; hence, aterm is a product of
one or more factors.

* Anexpression will refer to any possible
expression.

B.Juliano © 2002, based on notes by J. Uliman m
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[2) 7]

% - - % - | e e ——
S Ambiguity S Ambiguity
@ s

=l - Example, continued: - ;

0 . . . n E

E = Consider expression grammar from Slide #5. g 3 A

£ = Anunambiguous grammar that generates the £ - E e
g samelanguage as the (origina) expression g : xampl €:
@ grammar of Slide#5: @ ! I : / - Soleparsetreefor a+a* a.
(O] (O]

c "1 ® a|blla]ib|I0[I1 T

< < F f !

£ "F® 1B =

o o

O " T® F|T*F © ! I

o Lo

g "E® T|E+T i

o Q. :

© © o H

e e

O O
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Ambiguity Ambiguity
- Leftmost Derivations as a Way to Express = Inherent Ambiguity
Ambiguity = A CFL L issadto beinherently ambiguous
- Theorem 5.29 ifdl its grammars are anbiguous. |If even one

grammar for L is unambiguous, thenL is an
unambiguous language.

- Sowhat?

= Ambiguity of agrammar implies at least some
strings in its language have different structures
(parse trees).

uliano © 2002, based on notes by J. Ulman m

- For each grammar G=(V,T,P,S) and
string wi T, w has two distinct parse
treesif and only if w has two distinct
leftmost derivations from the start
state S.
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Ambiguity Ambiguity

= Inherent Ambiguity - There are inherently ambiguous languages.
- Example
L = {a"c™d™|n31, m1} N
{anbmcmdn | m® 1, m? 1}
- L consists of strings in a*b*c*d™* such that either
** Thereaeasmany a’sash’sand asmany c'sasd’s, or
" Thereareasmany a’sasd’'sandasmany b'sasc's.

= Ambiguous granmars are unlikey to be
useful for aprogramming language, because
two different structures for the samething
(program) implies two different meanings
(executabl e equivdent programs).

= Aninherently ambiguous |anguage would be
absolutey unsuitable as a programming
| anguage because there would be no way to _
fix aunique structure for dl its programs! - LisaCFL.
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From Figure 5.23 of IATLC, Hopcroft, Motwani, & Ullman, 2001

= Exampl e, continued ...

Ambiguity

= Exampl e, continued ... . _
= G isambiguous.
= A gramma, G, for L: 5

1. S® AB|C .

2. A® aAblab : Y :

3. B® cBd|cd . , L " . . . .
4, C® aCd|abd

5. D® bDc|bc a [ i i m /

Two parse trees for aabbcedd.

Ll {53
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