CSCI 256: Theory of Computing

CHAPTER 4
Properties of
Regular Languages

Dr. Benjoe A. Juliano
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The Pumping Lemma for RLs

= Theorem 4.1 (Pumping lemma, continued)

* Suppose |Q|=n.
" Consider wi L where |w[? n

* For O£i£n, p.«D(q,a,aw a)

OOF:
Suppose L regular. Then L=L(A) for some
DFA A=(Q,S,dq,F).

 Say w=a,aw a_, mén,al S for
1£iEm.

- Note: p,=q,
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The Pumping Lemma for RLsS

= Theorem 4.1

= (The pumping lemma for regular languages.)
Let L bearegular language. Then there exists
aconstant n (which depends on L) such that
for every stringwi L such tha [wf n, w=xyz,

such that:
1. yVte
2. XylEn
3. foral k30, xy*zl L

The Pumping Lemma for RLsS

= Theorem 4.1 (Pumping lemma, continued)
- PROOF:
= Since |Q|=n, by the pigeonhole principle,

B.Juliano © 2002, based on notes by J. Ul

* Find it j, where O£i<j£n, such that P=p;

one cannot find n+1 different p.’s for
O£i£n to bedistinct.
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The Pumping Lemmafor‘RLs' | The Pumping Lemma for RLsS

= Theorem 4.1 (Pumping lemma, continued) = Theorem 4.1 (Pumping lemma, continued)

- PROOF:
- PROOF:
Break w = xyz as ©
“ X=aawa " For k30, let A receivethe string w=xyz
~y=a,a,W aJ Case 1: k=0.
i85 \ Then, w=xz=a,a,w aa,,a, W a,. A

s z=a,a W a,
goes from p,=q, to p. on prefix x.
Since P=P; then A continues from p, to

p. | Fonsufixz Thus, A accepts
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The Pumping Lemma for RLs

= Theorem 4.1 (Pumping lemma, continued)
- PROOF:

The Pumping Lemma for RLsS

= ThePumping Lemma (PL) is used to show that a
languageL isnot regular ...

1. Start by assuming L isregular. Then L=L(A)
for some DFA A= (Q,S,d,qO,F).

" For k30, let A receive the string w=xy*z
Case 2: k>O0.

Then, A goes from p.=q, to p.on X, circles
g P=% 0P, 2. Let n=|Q| serve asthe PL constant.

fromp, to p k times on y¥, and then to » ndoesnot redly haveto be anything specific

pJ Fonz 3. Choose somewi L

Thus, for any k3 0, xy*z is d so accepted by A; * typicdly, wdependson n.
that is, xy*zl L.
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The Pumping Lemma for RLs The Pumping Lemma for RLsS

- Example:
= L={wl {0}", where|w| is asquare}
= Clam: L not regular.

= Useof PL, continued ...

4. Applying the PL, we know w can be broken
into xyz, satisfying the PL properties.
e agan, wemay not know how to bresk w, so we
use X,y,Z as parameters.

- SupposeL regular. Then L=L(A) for some
DFA A=(Q,S,d,q,F); so, let n=[Q].
5. Derive acontradiction by pickingi such that
xy'zl L.
* i might depend on parameter n, X, y, and/or z

B.Juliano © 2002, based on notes by J. Uliman I-I_I:I_I:I

- Consider w=0"% L. Thenw=xyz, where
[Xy|En and y*e.

By PL, xyyZl L; but, n< |xyyz| £ n?+n.
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The Pumping Lemma for RLs The Pumping Lemmafor'RLs‘ |

- Exampl e, continued ...
= L={wl {0}", where|w| is asquare}
= Clam: L not regular.

- Examples:
- L ={wl {0,1}" |w=0"", n31}

« L_= set of strings of ba anced parentheses
- Thenext perfect square after n?is (n+1)? = 2 A
n2+2n+1. ¢ L ={wl {0,1}" |w= 010", r# 1}

= Thus|xyyZ is not square, so xyyzi L. - L= {wl {0,1}" |w=0"1"2", nm3 0}

- Since we have derived a contradiction, the
only unproved assumption — that L is
regular — must be a fault. Therefore, L - L ={wl {0,1}" |w=0""" n®1}

isnot regul ar.
B.Juliano © 2002, based on notes by J. Uliman B.Juliano © 2002, based on notes by J. Uliman
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The Pumping Lemma for RLs Closure Properties of RLsS

- Boolean Oper ations
= Theorem 4.4 (Closure under Union)
- If Land M aeRLS, then sois LNM.

w0 O | O
sJ. Fl S2 Fz

2

e <
— ~1
M S5 O
<, F.NF,
uliano © 2002, based on notes by J. Uliman

S Ll . W

The F.‘umping Lemma can be goéd for y-o.u
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Closure Properties of RLs Closure Properties of RLs

- Boolean Oper ations
= Theorem (Closure under Concatenation)
- IfLand M aeRLs, then soisLM.

M, "?CFD MZ_'OO

- Boolean Oper ations

= Theorem (Closure under Kleene star)
- IfLisRL, thensoisL".

Theorem 4.5 (Closure under Complementation)

- IfLisRL over S, then soisL=S"-L.
Theorem 4.8 (Closure under Intersection)

- If Land M aeRLsS, then so isLOM.
Theorem 4.10 (Closure under Difference)

- If Land M areRLS, then so is L-M.

L(M) = L(M)6 L(M,)
B.Juliano © 2002, based on notes by J. Uliman uliano © 2002, based on notes by J. Uliman
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twani, &Ullman, 2001

Closure Properties of RLs

Automaton for { 0,1} "—L(A), where L(A)=(0+1)"01.
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Closure Properties of RLs

- Reversal
- Definition
- Thereversal ofastringw=aaw a,

denoted WR, is the string w written
backwardsasa a W a,.

- Theorem 4.11 (Closure under Reversal)
- IfLisRL, thensoisLR

Chapter 4: Properties ofRegular Languages
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Closure Properties of RLsS

Lot @

Stari = AN Accept

L |
A

A

A=(QQ,,Sd(a,a,).F,F,), where

d((p,a), a)=(d(p.a),d(q,a)) m

Closure Properties of RLs
= Substitution
1TTakearegular language L over some dphabet S.
tForeachal S, let L, bearegular language.
TLet sbethe substitution defined by s(a) = L for
each a.

» Extend stostrings by s(a,a,w a ) =
s(a)s(a,)w s(a,); i.e., concaenaethe
languages LalLazw L%.

» Extend stolanguages by s(M) = NWi MS(W).

T Thens(L) isregular. m
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= Homomor phisms
TA string homomor phismis afunction on strings

— that works by substituting a particul ar string for

eech symbol.

S S - Theorem 4.14
sS S TIf L isaregular language over dphabet S, and h

isahomomorphism on S, theh(L) isdso

-Extending sto stringshy s: S S". regular.

-Extend stolanguagesbys: S S'.

uliano © 2002, based on notes by J. Uliman m
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om Figure 45(a) of IATLC, Hopcroft, Motwani, & Ullman, 2001

Closure Properties of RL
= Inver se Homomor phi sms

ISuppose h is ahomomorphism from some
aphabet S to strings in another (possibly the

Closure Properties of RLs

= Homomor phisms

R
S———LR) same) dphabet T. Let L bealanguage over
adphabet T. Thenh?(L) istheset of strings
h h wl S such that h(w)i L.
. R
S——=—L(R)

~Note: R’sareregular expressions.
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m Figure 4.5(b) of IATLC, Hoperoft, Motwani, & Ullman, 2001.

Closure Properties of RL

twani, & Ullman, 2001

Closure Properties of RLsS

= Constructive Proof of Theorem 4.16
TGiven aDFA Afor RL L.

Input «

= Theorem 4.16

TIf h isahomomorphism from d phabet S to
adphabet T, and L isaregular language over T,

:S
then h™(L) is aso aregular language. Recal hS T

Y A=(QIT.dsaF)
: So,  B=(Q[S.gssF)
[puit where ¢(g,a)FD(q,h(a))

Hlart ) e A

LT :']‘ll.l'rl_':l,"
- i 1 -
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Decision Properties of RLsS Decision Properties of RLsS

- Converting among Repr esentations
- NFA-to-DFA, O(n®2"

= Compute edosurein O(r?); for each of the 2"
staesin DFA, computetransitions by consulting

the e-closure and NFA’ s transition tablein O(n°).
- DFA-to-NFA, O(n)

= Modify transition tableto be on sets (and €)

- Converting among Repr esentati ons continued ...
- FA-to-RE, O(n%4")

= Generate n® expressions n times where size of the
RE constructed can quadruplein each round.

- RE-to-FA, O(n)

- RE of length n; parse RE into expression tree and
then use e-NFA construction dgorithm.

Chapter 4: Properties ofRegular Languages
Chapter 4: Properties of Regular Languages
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Decision Properties of RLs Decision Properties of RLs

- Testing Emptiness of RLs - Testing Membership inaRL

" Choose DFA representation.
** Simulate the DFA on input w.

* Choose DFA representation.

* Use agraph reachability algorithmto test if
at least one accepting stateis reachable from
the start stete.

* Notethat reachability ca culations take no
more than O(n?) if the automaton hasn states.

- Testing an RL’s Finiteness
* Every finitelanguageis regular (why?).
** A regular languageis not necessarily finite.
* DFA Awithcydesb L(A)isinfinite
* RE E, presence of * dmost dways means
infinite, except for annihilaors and €.
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Equivalence & Minimization
- Example: (0

Sl

Equivalence & Minimization
- Testing Equival ence of States

- Red god is testing equivdence of
representations of two regular languages

|
- Interesting fact: DFASs have unique (up to state : '
names) minimum-state equiva ents 0 :
- States p,gi Q of DFA A are equivalent if E )= g G LA
i

= Fordl w, D(p,w) is an accepting stateif and only if
D(q,W) is an acoepting state.
= Notetha D(p,w) and D(q,w) do not haveto bethe

samestae. T {C,G} distinguishable

- Iftwo states are not equivaent, then they are T {AG} distinguishableby 01 or 10, but not by e, O or 1.

distinguishable. m 7 {AE} equivdent (Why?) m
B.Juliano © 2002, based on notes by J. Uliman B.Juliano © 2002, based on notes by J. Uliman
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Equivalence & Minimization Equivalence & Minimization

= Testing Equival ence of States continued ... - Example: (SeeFigure 4.8 or Slide 32)

- Table-filling algorithm (via recursive discovery) —
| X X indicates pairs of distinguishable

D(p,aw)=D(r,w) and D(g,aw)=D(s,w).

(%) 7]

(O] (O]

()] ()]

] ©

=J =}

(@) (@)

= =

© ©

—] —

k s |

> i F.ai > call - d ablank
) " BASIS: pl Fgl FP ,q} distinguishable O # states and ablank square
x P trah 9 x € lx x| indicates equivalence
8 * INDUCTION: Let p,gi Q such that for some 8 2 lxfx |x | v indicates find states
8 al S, r=d(p,a) and s=d(q,a) are distinguishable. 2 E _T : ' 2 |

g Then, {p,q} distinguishable o L] :

2 2 i il S E

& * $wl S that distinguishesr from s; i.e., either o i N i [

N D(r,w)l For D(s,w)i F, but not both. Then, Y il baif £ BN EOE LN LK,

% string aw must distinguish p from q since *3 H |x x |lx | | ¥ | T

g g .

) )
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S Equivalence & Minimization S Equivalence & Minimization
§’ = Theorem 4.20 % - Example: |
© ©
= - Iftwo states are not distinguished by the = Start 1 A
3 table-filling algorithm, then the states are 2 WL g
2 equivaent. e = |
[l - Testing Equivalence of RLs 5 : :1_ :
% - Given regular languages L, and L, % e 7 S N
. : |
;§ - Convert each representation to aDFA ;5 % £ | = TEE
i
= - Consider DFA A where L(A) = L,NL, = I 3 @ B
g - Usethetabledfilling agorithm to test if g e
< {s1,s} aeequivdent; ifso, L,=L, g

Page9
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S Equivalence & Minimization S Equivalence & Minimization

=J =}

% = Minimization of DFAs % - Example:

—] —

g - For each DFA thereis an equivaent DFA that s 2 | I

= has as few states as any DFA accepting the = £ IT._ o

= samelanguage. Further, this minimum-state £ L L S {B.H}

2 DFA is unique for the language. 2 D |x|x [x | {G

E _ o = E {D,F}

2 - State equivdence partitions the set of states. 2 2 |

e o° ! r | i [ x {G}

a a Vi |

& 5 G |x fe |x |x ' |

%"’_ %_ H lx IERERE. | ¥ | T

S 2 . _

- [ [ - SRR | | [ |

Equivalence & Minimization Equivalence & Minimization
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= - Example: = - Theorem 4.23

— —

8 _ 3 - Theequivdence of states is transitive.
g) H i ?D

x © = Theorem 4.24

= © . |Patitions {ACD} = '

2 0| . (BB} % = If we create for each state g of aDFA a
z £ |y Y z block consisting of g and dl the states
S ! i S equivaent to g, then the different blocks of
3 1 B C D z states form apartition of the set of states.
2 g

[oF Q.

© (]

= =

O (©)
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Equivalence & Minimization Equivalence & Minimization

- DFA minimization algorithm  A=(Qa,S,da.SaFa) Theorem 4.26

1. Usethe table-filling algorithmto find dl
pairs of equivaent states.

2. Patition the set of states Q, into blocks of
mutudly exdusive states by the method
described above.

3. Construct the minimum-state equivdent DFA
B by using the blocks as its states.

" sg istheblock containing sa.

- If AisaDFA and M the DFA constructed
from A by the DFA minimization algorithm,
then M has as few states as any DFA
equivdent to A.
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" Fg isthe set of blocks containing fl F,.

B.Juliano © 2002, based on notes by J. Uliman m

B.Juliano © 2002, based on notes by J. Uliman m

Copyright and Intellectual Property Notice

This document and its contents are the Intellectual Property (IP)
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