CSCI 256: Theory of Computing Regular Expressions

CHAPTER 3 - Definition
Regular Expressions
and Languages

- Regular expressions are agebraic
descriptions of languages (as opposed to
machine-like descri ptions such as DFAs

Dr. Benjoe A. Juliano and NFAs)

Tél. 530 898-4619 (office) - Regular expressions denote | anguages.

530 898-6442 (dept)
Fax. 530 898-5995
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Regular Expressions Regular Expressions

- The Operator s of Regular Expressions - The Operator s of Regular Expressions

. continued ...
= Theunion of two languagesL and M,

denoted LNM, isthe set of strings tha are
etherin L or M, or both.

= The concatenation of languages L and M,
denoted LM or simply LM, isthe set of
strings that can be formed by taking any string
in L and concatenating it with any string in M.

= Theclosure (or star, or Kleene closure) of

alanguage L, denoted L, represents the set
of strings that can be formed by taking any
number of strings from L, possibly with
repetitions, and concatenating dl of them.
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Regular Expressions Regular Expressions

- Building Regular Expressions - Building Regular EXpr essions continued ...

- If Eand F ae RE, then E+F isaRE denoting
the union of L(E) and L(F). So, L(E+F) =
L(E)NL(F).

- If Eand F aeRE, then EF isaRE denoting
the concatenation of L(E) and L(F). That is,
L(EF) = L(E)L(F).

- If EisaRE, then E" isaRE, denoting the
closure of L(E). Thais, L(E")=(L(E))".

uliano © 2002, based on notes by J. Ulman I_I_I:I_I:I

- A regular expression E can be defined as

- constants e and A are RE, denoting the
languages { e} and A, respectively. That is,
L(e={e}, and L(AE) =/

- Ifaisany symbol, then ais aregular
expression denoting thelanguage{ a}. That
is, L(a)={a}.

- A vaiable usualy capitaized and itdic such
as L, isavaiable representing any language.

Chapter 3: Regular Expressions and Languages
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31 0fIATLC, Hoperoft, Motwani, & Ullman, 2001

FAs and REs

= From DFAsto REs

Regular Expressions

- Building Regular EXpressions continued ...

- If EisaRE, then (E), aparenthesized E, isa

RE, denoting the samelanguage as E. : e-NFA = '\llx :

Formaly, L((E)=L(E). T A
- Precedence of RE operators
= The star operator is of highest precedence. | ¥
= The concatenation or “dot” operaor isnext in RE e "' I}I-'-‘b. '

precedence.
= Findly, dl unions (+ operators) are grouped

with their operands.
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FAs and REs

- Theorem 3.4

= If L=L(A) for some DFA A, then thereisa
regular expression R such that L=L(R).

FAs and REs

= From DFAsto RES continued ...

= Hence, to show that REs define the same class
of languages as DFA, NFA, and eNFA, one
must show that
= Everylanguage defined by one of these automata
isalso defined by a regular expression. For this

proof, one can assume the language i s accepted by
some DFA.

= Everylanguage defined by a regular expression is
defined by one of these automata. For this part of

the proof, the essiest is to show tha thereisan e-

NFA accepting the same language. m
B.Juliano © 2002, based on notes by J. Uliman

= Proof
- Let Q,={1,2%,n}.

- Let R™denote aRE such that L(R{" is the set
of strings w such tha w is thelabel of apath
from state i to statej in A, and that path has no
intermedi ate node whose number is greater
than k. (Note Statesi and j are not

“intermediate’ nodes.) m
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FAs and REs

= Proof of Theorem 3.4, continued ...

FAs and REs

= Proof of Theorem 3.4, continued ...
- A path whoselabd isin L(Rﬁ = Inductive definition to construct expressionsin
: L(R{
= BASIS (k=0): (pathswith no intermediate states)
1. Foritj, noal Ssuchthat d(i,a)=j (null path or loop)
2. Thereexistsal S suchthat d(i,a)=j (arcbetweeni & j)
Findal S suchthat d(i,a)=j
a. Ifthereis no such symbol a, then R{'E &
b. Ifthereis exactly one such symbol a, then RfE: a
c. Ifd(i,a)=] for 1£sEk, then RY'= a +aqtw +a,
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From Figure 3.3 of ATLC, Hoperoft, Motwani, & Ullman, 2001.

FAs and REs

= Proof of Theorem 3.4, continued ...

= INDUCTION: Supposethereisapath from state i
to statej that goes through no state higher than k.

= Thepah does not go through state k & dl; hence,
thelabel of thepath isin thelanguageR; ™*

= The pah goes through state k at least once.

ACT A o A Ay A A

In R4 n R
" Loro or more strings in & L

®E &B1 &®B1£, &RB1£X &B1£
Ri“= R{TAR Ry ER

- — [} =4
Then, R = Nige, Rf]
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- Example: |

Stan ] 0 . U0, ]

-] -

- k=1: R*= RIARI®RLER;
R CALAGALREALEEGALE T
RE  OAGALREALLO 10
RSE  UAU EALECALE a
Ry OAOALAU €A1£0 EAOALE

*

REE — 1 10

a CACALE «
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Chapter 3: Regular Expressions and Languages

- Example: |

Star [ 0 . ), ]

- k=0. R3* OA1
RDF 0
Ry U
Ry~ ©AOALE

B.Juliano © 2002, based on notes by J. Uliman m

igure 3.4 of IATLC, Hopcroft, Motwani, & Uliman, 2001

FAs and REs
= Example: |

Stan r 0 0, |

-] - <

- k=22 Rf®= RFARGRLER}®

R 1'A1°0 ©A0AL £ 1
REF 1'0A1 0 €A0ALE ENOALE 100ALE
Ry® U AGAOALREAOALE i U

RE® GAOALAGAOALRENOALEL EAOALE GALE

REE — 1 10®ALE

£ ¢
a QALE <
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FAs and REs
= Example: |
sStant f 0 . (]
- - :
qee - 1 @ooAlE$—
OALE

= Findly:

regular expression, R = R = 1 0@ALL-

Chapter 3: Regular Expressions and Languages
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From Figure 3.4 of IATLC, Hoperoft, Motwani, & Ullman, 2001.
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(%]

() From Figure 3.7 of IATLC, Hoperoft, Motwani, & Ullman, 2001
S

S FAs and REs

il - Converting DFAs to REs by Eliminating States
-5' continued ... H im

=

S —— " N

= A state s about - e~

» to bediminated. ; el

(%] o

2

o r

S :'"> ‘- "

= | P i

< predecessor ! : : ! | successor
= states e - staes
™ N

— 3 td

Q

% P e

5 Note: Q SP;, and R, aeREs.
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FAs and REs

- Converting DFAsto REs by Eliminating States
- Motivaion: Method of Theorem 3.4 to

construct REs is expensive...

= Haveto construct n® expressions for n-state FA

= Length of expression can grow by afactor of 4, on
the average, with each of the ninductive steps—
expressions can reach on the order of 4" symboals.

- Method: Consider automatathat have regular
expressions as | abels.
= Can be accomplished by systematicdly diminating

states.

B.Juliano © 2002, based on notes by J. Uliman

continued ...

After state s has
been diminated.

B.Juliano © 2002, based on notes by 3. Uliman

FAs and REs
- Converting DFAsto REs by Eliminating States
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From Figure 3.9 of ATLC, Hoperoft, Motwani, & Ullman, 2001.

FAs and REs
- Converting DFAsto REs by Eliminating States

continued ...
= Procedure:

1. Fordl gl F, apply thereduction process to produce an
equivdent automaton with RE labd s on the arcs.
Eliminateall states except g and start state ;.

From Figure 3.10 of IATLC, Hopcroft, Motwani, & Ullman, 2001

FAs and REs
= Converting DFAsto REs by Eliminating States

continued ...
= Procedure

3. If qOT F, apply thereduction process to get rid of every
state but ¢ ; this leaves ageneric one-state automaton:

2. If gt q,, then we have a generic two-state automaton: —_— '
I ¥ LI
2] L F]
] 4y
) 4
Starn A ) -~ R
-
b 4. Thedesired regular expression is the sum (union) of al
! the expressions derived from the reduced automata for

each accepting state, by rules (2) and (3).

Chapter 3: Regular Expressions and Languages
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(R+SU*T)* SU*
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(%] (%]
(O] From Figures 3.11 and 3.12 ofIATLC, Hopcrof Motwani, & Ullman, 2001 () From Figures 3.12 and 3.13 of IATLC, Hopcroft, Motwani, & Ullman, 2001
S S
3 FAs and RE 3 FAs and RE
(= =
Al - Example: Sl - Exampl e continued ....
© ©
= = Consider an NFA that accepts dl stringsof 0’sand 1’ s G Eliminate state B with predecessor A and successor C
% such that ether the second or third position from the 2 0«1 P
.2 endhasal. 1S Q, 1
@ . 9 AT R 1 S w+l 0+ 1
(%] il (%]
8 (i) - - H el | =i
o (oL
Slart [ 1 L —_
|§ I J 3 g wd (A e I @ 87 Rll - /CE
‘_:‘5 ) % (SeeFigure 3.7 for labds.)
g With RE |labds: g resultingin:
& g @ W4l
— 1T L1 1 i | il | — ' s %
*g = i - L = | - Iy *3 l—‘tIT ‘/“'v"
© © ""\.'I i
= d=
) 8
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314 0f IATLC, Hopcroft Motwani, & Uliman, 2001

FAs and RES |

- Exampl e continued ...:

From Figures 313 and 3.14 of IATLC, Hopcroft, Motwani, & Ullman, 2001.

FAs and REs

- Exampl e continued ...:

(Branch 2) EliminaestaeD to derive atwo-state

(Branch 1) Eliminate state C to derive atwo-state automaton with states A and C.

automaton with states A and D.

From: '+1
From: "+1 il
o o Sturt "| i L 01 e
st g 01 P a7 - u":'n“?':
=i A s o i
; Ky )
. . to: R (See Figure 3.9 for labdls.)
to: R (See Figure 3.9 for labels.) 0h+1
0+ 1 S T U=/&
. S T,URF A St 4 10+ 1)
Stairt L J =150+ 1) =i 4 -
- A - S -l

(R+SU*T)* SU* = R*S = (0+1)* 1(0+1)

Answer: (0+1)*1(0+1) + (0+1)* 1(0+1)(0+1) m

Chapter 3: Regular Expressions and Languages
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(R+SU*T)* SU* = R*S = (0+1)* 1(0+1)(0+1) m

- Thereisnoal S such that for gi Q_, d(f,a)=q
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[2) [7p)

() (O] From Figures 3.16 of IATLC, Hopcroft, Mot liman, 2
(@) (@)

S FAs and REs S FAs and REs

& . &

- Theorem 3.7 =8l - Converting REsto Automata, continued ...
s - Every language defined by aregul ar expression s - BASIS _

g is dso defined by afinite automaton. = ' - Lo-

% - Converting REs to Automata % o

% - Suppose L=L(R) for aRE R. By structura %

= induction on R, L=L(E) for some eNFA = -

% E=(QpS.d.q,Fp) where % E

o - |Fl=1 (sy Fe={fh) i

N - Thereisnoal S such that for gl Q. d(q,a)=q, °

Q Q S [

o o

© ©

= =

) o




317 of IATLC, Hoperoft, Motwani, & Ullman, 2001

FAs and REs |

- Converting REsto Automata, continued ...

FAs and REs

- Converting REsto Automata, continued ...

= INDUCTION:
- Case 1l: TheexpressionisR+S

= Case 2: Theexpressionis RS

E |
Lo g I - Y

- Case 3: TheexpressionisR*
- = E

-

£ f | ¢
- s R '

N
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FAs and REs

- Converting REsto Automata, continued ...

Applications of REs

- Regular Expressionsin UNIX

- Case4: Theexpressionis (R); then, the - Facilitates representation of character classes

automaton for R aso serves as the automaton symbol . (dot) “any character”
for (R). sequence[ a,, a,, .., 8] REa +aj+w +a,
[0-9] digits
- Example: [ A-Z] uppercase | etters
- (0+1)01 { A(-j.Za.- tzO]- 9] digits m[d(l)ettge]rs
) N cdigit: sameas| O-
(0+1)*1(0+1) [:al pha:] sameas[ A- Za- 7]
[:al num] sameas[ A- Za- z0- 9]

Chapter 3: Regular Expressions and Languages
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Applications of REs Applications of REs

- Regular Expressionsin UNIX, continued ... - Lexical Analysis

- Sampling of operators = A lexical analyzer isthe component of a

compiler that scans the source program and

| union

? “ zero or one of’ recognizes al tokens(e.g. keywords and
Example R? means“ e+R’ identifiers).

+ “ oneor moreof’ - Examples:

Example R+ means “ RR*”
{n} “ncopiesof’
Example R{ 5} means“ RRRRR’

B.Juliano © 2002, based on notes by J. Uliman m

= Unix | ex command
= GNU f | ex command
= Process. Use RE-to-DFA conversion to
generate an efficient function that bresks
source programs into tokens.

uliano © 2002, based on notes by J. Ulman m
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Applications of REs Algebraic Laws for REs

- Finding Patternsin Text - Associativity and Commutativity
= Commutative Law for Union
L+M = M+L
= Associative Law for Union

(L+M)+N = L+(M+N)

- Example Street addressestypicdly endin
“Stret” (or its aobreviaion), “ Avenue,” dc.

Street| St\.| Avenue| Ave\ . | Road| Rd\ .

- Example Names of streets

"[A-Z][a-z]*( [A-z][a-2]*)* o ,
. . - Associative Law for Concatenation
- Example Putting things together ...

[AZ][a-2]*( [Az][a-2]%)* (LM)N = L(MN)
(Street]| St\.| Avenue| Ave\. | Road| Rd\ )’
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Algebraic Laws for REs

- ldentities and Annihilators
= ldentity for Union
AL = L+AE =L
= ldentity for Concatenation
eL =Le=1L
= Annihilator for Concatenation

AL = LE = £

Chapter 3: Regular Expressions and Languages
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Algebraic Laws for REs

- The Idempotent Law
= ldempotence for Union
L+L =L

- Theorem 3.11
- If L, M, and N are any languages, then
LIMNN) = LMNLN
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= Distributive Laws

Algebraic Laws for REs

= Left Distributive Law of Concatenation
over Union

L(M+ N) = LM + LN

- Right Distributive Law of Concatenation
over Union

(M+ N)L = ML+ NL

iano © 2002, based on notes by J. Ulman m

Algebraic Laws for REs
Exponentiation

n Ql n:0
A= nB1
AA™!  nQO

Kleene star / Kleene closure/ Star closure

A = NA

i=0

Positive closure/ Plus closure

A” = _|_\|1Ai

iano © 2002 based on notes by J. Ulman m
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Algebraic Laws for REs Algebraic Laws for REs

- Laws Involving Closures = Closure of Closures

- (L*)* = L* (IAA£ - AA

- E=e £ i C
QnLp= A

met=e £

- LT = LL* =L = No new strings are added to either A* or A

by Kleene or Plus dosure...

uliano © 2002, based on notes by J. Ulman m

-Lr = Lr+e

= L?=-e+L

B.Juliano © 2002, based on notes by J. Uliman m
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Algebraic Laws for REs

- Example: Equival ences involving closures

Algebraic Laws for REs

- Discovering Laws for Regular Expressions

(ath)y* = (ath)* + (atb)* - Theorem 3.13

(a+hy* = (ath)* + a* - Let E bearegular expression with varidblesL |,
L,..., L . Form concrete RE C by replacing each

(a+byr = (a+b)"(a+b)" occurrence of L, by thesymbol a, for i=1,2,...,m.

(ath)* = a(ath)* + b(atb)* + A&* Then for any languages L, L,,...., L _, every

All stringstha  All strings that

satwithana  stat with anb string w in L(E) can be written w,w,w w, , where

(a+b)* = (a+b)*ab(a+b)* + b*a* each w;isin oneof thelanguages, say L;, and the
All strings that contain All strings without stri ng a.ai W a; isin L(C)
ab as asubstring ab as asubstring 11592 Ik
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Algebraic Laws for REs Algebraic Laws for REs

- Discovering Laws for Regular Expressions
- Theorem 3.13

- Test for aRegular Expression Algebraic Law

- Totest whether E=F istrue, where E and F
are two regular expressions with the same set
of variables

1. Convert E and F to concrete regular
expressions C and D, respectively, by
replacing each variable by a concrete
symbol.

2. Test whether L(C)=L(D). If so, then E=F
isatruelaw, and if not, then the “law” is
fdse.

B.Juliano © 2002, based on notes by J. Uliman m

- Lessformdly, construct L(E) by starting with
each string in L(C), say a,a,w &, and
substituting for each of the .’ s any string from
the corresponding language L.
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