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Finite Automata: Informal Picture

- Example: An “Electronic money” protocol

= Ground Rules (continued):

- Thestoremay ship goods to the customer.

= Thestoremay redeem themoney; tha is, the
money is sent back to the bank with arequest that
its va ue be added to the store s bank account.

= Thebank may transfer themoney by cregting a
new, suitably encrypted money file and sending it to
thestore.

- Appropriae behavior of the three participants
embodied in aprotocol that could be represented
as afiniteautomata...
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Finite Automata: Informal Picture

- Example: An “Electronic money” protocol

- Paticipants:
= Customer

- Store
= Bank

= Ground Rules:

= Thecustomer may decideto pay; that is, send
money to the store.

= Thecustomer may decideto cancel; tha is, the
money is sent to the bank with the messagethat its
vaueis added to the customer’ s bank account.
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Finite Automata: Informal Picture
- Example: An “Electronic money” protocol

= Finite
automata
representing
partici pants:
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Finite Automata: Informal Picture

- Example: An “Electronic money” protocol
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Finite Automata: Informal Picture

- Example: An “Electronic money” protocol

= Vdidating the protocol viathe product
automaton:

= Consider state (3,e): goods have been shipped, but

therewill eventudly beatransition to state (4,9)
when the bank recel ves atransfer message.
Elaborate...

= Consider state (2,c): bank receives acancel message

before aredeem message. Thisis an accessible
state, but the only arc out | eads back to that state.
Elaborate...
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Finite Automata: Informal Picture
- Example: An “Electronic money” protocol
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Finite Automata
- Finite automata
- animportant way to describe certain simple, but
highly useful languages cdled “ regular
languages.”
= A graph with afinite number of nodes ca |l ed
states (typicdly Q).

- Arcs arelabd ed with one or more symbols
from some alphabet (typicdly S).

- Onestaeis designated as the start state or
initial state (typicdly q); some states are final

states or accepting states (typicaly m
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- A FA isrepresented as thefive-tuple
A =(QS.daq,F)

= Finite automata

= A transition function (typicaly d)
= tha takes astate and input symbol as arguments

- that returns astae
= Conventions;

= Input symbolstypicdly a, b, &c., or digits.
= Strings of input symbols typicdly u,v, ..., z.
- Staestypicdly g, p, €c.
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= whereeach “ ruleé’ of dwould bewritten as
d(g,a)=p, whereqg,pl Qandal S.

Chapter 2: Finite Automata

- intuitivdy, ifaFA isinstaeql Q, andinput al S
isreceived, then the FA goesto statepl Q (itis
not necessarily the casethat g* p).
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Deterministic Finite Automata Example: Clamping Logic

- Definition - Notes:
= A deterministic finite automaton consists of:
A finite set of gates, often denoted Q

A finite set of input symbols, often denoted S
A trandtion functiond: Q" S® Q

A start state 1 Q

- Wemay think of an accepting state as
representing a“1” output and nonaccepting
states as representing a“ 0”7 output.

- A*“damping” drcuit watsfora® 1” input, and
forever after makesa“ 1” output. However, to
avoid clamping on spurious noise, we |l design
aFA tha watsfortwo 1’ sinarow , and

Chapter 2: Finite Automata
Chapter 2: Finite Automata

- A set of final or accepting statesFi Q

- A DFA is dso refered to using the five-tuple “damps’ only then.
notation:
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Example: Clamping Logic

- ThUS, DFAA = ({qo’ql’qz} !{0!1} !d!qol{qz})

Example: Clamping Logic

- In generd, we can think of astate as

- state g, indicates we have never seen 11, but
the previous input wasl.

- state g, is the onlyaccepting state indicating
that we have a sometimeseen 11.
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= by marking the start state witi® and
accepting states with*, thetransition table
that defines d dso specifies the entire DFA.
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I representing a summary of the history of what T - .
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Example: Clamping Logic Example: HTML documents

- Example:

= Onthenext slideis a DFA that scans HT ML
documents, looking for alist of what could be
title-author pairs, perhaps in areading list for
some literature course.

- The DFA accepts whenever it finds the end of
alist item.

- Thetransition diagramdepicting the DFAA is
given by:
0.1

-
1

1]
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Example: HTML documents

Al =LA
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Deterministic Finite Automata

- The Language of aDFA

= Thelanguageof aDFA A =(Q,S,d,q,F),
denoted L(A), is defined by
L(A) = {w|D(g,w) F}
- That is, 'EhelanguageofAistheset of
stringswl S™ that teke the start stateq to

one of the accepting stetes.

= If LisL(A) for some DFA A, then we say
that L is aregular language.
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Deterministic Finite Automata

- Extending dto Strings

- If disatransition function for a DFAA, the
extended transition function constructed
from d, called D, describes what happens when
we start in any state and follow any sequence

of inputs.
- By definition, for DFAA = (Q,S,d,q,F)
- D(a.€) =q

- Forwl S*, ifw=xawheeal S,
then D(q,w) = d(D(q.x),a)
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Nondeterministic Finite Automata

= A nondeterministic finite automatais similar to
aDFA, except for d: Q" S® 29

- NFA that accepts dl and only the strings of 0,1}
that end in01:
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Nondeterministic Finite Automata Nondeterministic Finite Automata

o - Definition o - Representations

g = A nondeterministic finite automaton consists of: § _ r“ '

e - A finite set of states, often denoted Q = M () ——{(
(0] . . (O]

£ - Af f | 2

.. - A dtart stateq | Q ..

3 f final 0 ' 5 al 2 -

= - A sa of final or accepting statesF | iz

g - A transition functionpd' Qg S® 29 ? g ® G l{do}  {%}

© ' © a| £ {a2}

= A NFA is aso refered to using the five-tuple
notation:
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- Extending d to Strings - The Language of an NFA

- By definition, for NFAA = (Q,S,d,q,,F) - Thelanguage_ofaNFA A =(Q,;S,da,F),
- D(a,e) = {q denoted L(A), is defined by
- Forwl S, if L(A) = { w|D(q,W)OF * A}

- w=xawhere al S;and
- DaX) ={p,p,--- P}
where N d(pi,a) = {rl,rz,...,rm}

then D(q,w) = {rl,rz,...,rm}
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- That is, the language ofA is the set of
stringswi S” such that D(g,,w) contains at
| east one accepting state.
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Nondeterministic Finite Automata
- GivenNFA N:(QN,S,dN,qO,FN), construct DFA
D:(QD,S,dD,{qO} ,FD) as follows:

Nondeterministic Finite Automata

- Equival ence of DFAs and NFAs

- Every language that can be described by some

NFA can dso be described by some DFA.

= but the DFA can have exponentiadly many states ) QD: 2N (inaccessible states can be thrown)

- Can be proven viasubset construction ... T Fp= {8 Q| SOF* A}

- Start from NFAN=(Q S,d q .F) - ForSl Q andal S,
D
dSa) = N d(ma)

d(a,q, .9} =

e PN 2NN NP, 2) T T T
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- God: describe DFAD=(Q,,S,d,{q} F_)
such that L(D)=L(N).
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Nondeterministic Finite Automata Nondeterministic Finite Automata
< 1N Example s r ) o | . Theorem 2.11
g o . = g - 1fD=@Q,.S.d,{q}.F,) isaDFA constructed
ﬁ EE T i from NFA N=(QN,S,dN,qO,FN) by the subset
;*E N c¢| 0 1 ® {90} [{q0a {90} E construction, then L(D) = L(N).
& ® qo [{qoqs {qo} {a} | £ {az} & - Proof (by induction onw|): See textbook ...
2 a|l £ {wp 7 {a|E /£ g
g | £ E {do.ai} [{o.a}  {do,a2} g Theorem 2.12
© * {0002} [{qoat  {qo} Bl - A languagel is accepted by some DFA if and
* {auad | £ {az} only ifL is accepted by some NFA.
e {1t} Aoad - Proof: Seetextbook
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Nondeterministic Finite Automata

- Example

- Design an NFA to accept strings over
S={1,2,3} such that the last symbol appears
previously, without any intervening higher
symbol;eg.,w 11,w 21112,w 312123.

- Usestat state to mean “1 guess | have not seen
the symbol that matches the ending symbbl

Chapter 2: Finite Automata

= Usethree other states to represent a guess that the
matching symbol has been seen, and remembers
wha symbol that is.
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IATLC, Hoperoft, Motwani, & Ulim

Nondeterministic Finite Automata

= A Bad Case for the Subset Constr uction

- Recdl: Given an NFA, the equivalent DFA
can have exponentidly many states. Why?

= Consider the NFAN where L(N) is the set of
al stringsin {0,1} such that th&" symbol
from theend is 1.

Chapter 2: Finite Automata

Note: This NFA has no equivaent DFA with fewer than states.
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Nondeterministic Finite Automata
l o 3
Py M e
sl I L S =
g | gl e g
L LT a1
wpned | pape el e
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wpal | e e
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- Example continued ...

kel | pipes poced el
e | japed Qe part

vt | st e e
pape | el gl pe

=pgd | el vl e

papes | paprsl sl pod

- Note: Only 15 of the 32 possibl: Fpprsd | puprst st pad
states are accessible.
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An Application: Text Search

= Finding Stringsin Text

- Given aset of words, find al documents that
contain one (or dl) of those words.

= |nverted indexes

= for each word, maintain alist of dl the places
where that word occurs.

= Automaton-based techniques
- Suitablefor:
- Dynamic, rapidly changing search repositories
= news andyst, financia anadyst
= “shopping robdt searching for current prices

- Documents cannot be catal oged m
B. Juliano ® 2002, based on notes by J. Ullman
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f IATLC, Hoperoft, Motwani, & Uliman, 2001.

An Application: Text Search

= NFA for Text Sear ch

Chapter 2: Finite Automata

An NFA that searches for the words “web” and“ebay” .
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An Application: Text Search
= Automaton-based string matching al gorithms

= Knuth-Morris-Pratt algorithm
= Dondd E. Knuth, James H. Morris, Jr., and
Vaughn R. Pratt,” Fast pattern matching in
strings,” SIAM Journal on Computing, 6(2): 323-
350, June, 1977.
- Boyer-Moorealgorithm
- Robert S. Boyer and J. Strother Moore A fest
string searching agorithm,”Communications of
the ACM, 20(10): 762-772, October, 1977.

= Both dgorithms have sub-a gorithms that build the
automata for recognizing the target text patterns.

Chapter 2: Finite Automata
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An Application: Tex
- DFA to Recognize a Set of Keywor ds

t Search

Finite Automata with e-transitions

= Usesof e-transitions

- Alloweto bealabd on arcs

- Example

ST
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Ane-NFA accepting decima numbers

by J. Ullman

Figure 2.18 of IATLC, Hoperoft, Motwani, & Ullmar
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Finite Automata with e-transitions Finite Automata with e-transitions

- Additiond examples: - Additiond examples:

Chapter 2: Finite Automata
Chapter 2: Finite Automata

Using e-transitions to help recognize keywords .

001 is acoepted by the e-NFA above by the path
q,Sr,qr,s, with label @0le = 001.
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- Formal Notation for ane-NFA
= An e-NFA oongsts of.
A finite st of states, often denoted Q
A finite set of input symbols often denoted S
A start stateq I Q

- e-Closures

- Givenastate gi Q of eNFA E=(Q,S,d,q,F),

the e-closure of g, denoted ECLOSE(Q), is
defined recursively es:

- gl ECLOSE()
- If pil ECLOSE() and d(p,e)=r,

A s of final or accepting states=| Q
A transition functiond: Q" SN{g ® 2°

then rT ECLOSE()
= An eNFA is dso refered to using the fivetuple
notation:

E=(Q5S4daq,F)
B. Juliano © 2002, based on notes by J. Uliman B. Juliano © 2002, based on notes by J. Ulman
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Finite Automata with e-transitions Finite Automata with e-transitions

= Extended Transition Function, D, for eNFAs
- By définition, for an eNFA E = Q,S,d,q,F)

- D(q,6) = ECLOSEf)
- Forw=xawhere al S, to computeD(q,w):

- Let D(@.X) = {p,.P,.-...0}
- Let NlEiEkd(pi,a) ={rrer )
_ECLOSE()

- e-Closures
- Example

S

Chapter 2: Finite Automata
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An e-NFA accepting decimd numbers.

- ThenD(gw) = N

1£jE
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ECLOSE(Q,) = {q,a,}
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- Language of an e-NFA = Eliminatinge-transitions

© ©
§ - By définition, for an eNFA E = (Q,S,d,q,F), g - Why? etransitions are a convenience, but do
E the language of E, denoted L(E), is defined as 3 not increese the power of FAS ...
(&) (&) - —
E L(E) = {w S |D(g.WOF: &} E La.eNFA E=(Q.S.d.q,Fp). then the
0 equivdent DFA D=Q_,S,d_,q_,F ) is defined
& & D D 'D
I3 I3 as follows:
g o

- q,= ECLOSE()

R
- F={S|9 Q_ ad SOF_* &
D D E
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Finite Automata with e-transitions
- Eliminatinge-transitions continued ...
- Fordlal S and S Q_, compute d (Sa) by
- LeeS= {pl,pz,...,pk}
- Let Nlmkd(pi,a) ={rprer )

- Thend(Sa) =N _ECLOSE()

15

Chapter 2: Finite Automata

Theorem 2.22
= A language L is acoepted by some eNFA if and

only if L is acogpted by some DFA. m
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From Figure 2.22 of IATLC, Hoperoft, Motwani, & Ullman, 2001

Finite Automata with e-transitions

- Eliminatinge-transitions continued...

= Example
o 01,9
w; =1
'
11
L
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