CSCI 256: Theory of Computing Why Study Automata Theory?

CHAPTER 1 Intr oduction to Finite Automata

I ntroduction to Automata

- Automata Theory — study of abstract computing
and Proof Techniques

dEVICGS or “ machines.”
]
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= Inthe 1930’ 5 Alan Turing studied and
described precisdy the boundary between what

a(n) (abstract) computing machine could do
~and what it could not do.
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Why Study Automata Theory?

= |ntroduction to Finite Automata

Structural Representations

= Grammars

= Useful modd s when designing software that
processes datawith arecursive structure.

- Example parser for acompiler.

- Inthelate 1950" s, thelinguist Noam
Chomsky begun the study of formad
“ grammas.”

- Regular Expressions
- In 1969, Stephen Cook defined 0 P

“intractable’ or “ NP-hard” problems
— problems that can in principle be
solved, but in practice take so much
time that computers are use ess for dl

- Denotethe structure of data; in particular, text
strings.

- Example Unix-styleregular expressions

: ([A-Z][a-z]*[ 1)*[AZ][A-Z]"
but very smdl instances of the
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Automata and Complexity Introduction to Formal Proof

- Decidability (see Chapter 9) = Deductive Proofs

= Form: From someinitid statement H, caled
the hypothesis or thegiven statement(s),
provide a sequence of statements whose truth
leads to aconclusion statement C; Cis
deduced from H.

= Typicdly given as atheorem of the form, * If H
thenC,” asin

= Theorem: If x3 4, then 2x3 x2,

= What can acomputer do a dl?
- Problems that can be solved by computer are
caled“ decidable”
- Intractability (see Chapter 10)
- What can acomputer do efficiently?

- Problems that can be solved by acomputer
using no more time than some slowly growing
(polynomid) function of the size of the input are
caled“ tractable”
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= Perhaps, the most common type of proof ...
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Introduction to Formal Proof Proof by Mathematical Induction

- Reduction to Definitions - Form: Proveastatement S(X) about afamily of

- It is sometimes hel pful to convert dl termsin objects X (e.g. integers, trees) in three parts:

the hypothesis to their definitions....
- Note: Given the statement “ IfH then C,”

- Basis: Show S(X) holds for one or severd small
vaues of X directly.

- contrapositive: “If not C then not H” - Inductive Hypothesis: Assume S(Y) holds for

- converse “1f C then H” vauesY£ n.

- contradiction: *H and not Cimplies fase = Inductive Step: Show tha S(n+1) holds using

- Note: To provetha astaement Sisnot a the inductive hypothesis.
theorem, it suffices to show a counterexample.
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Proof by Mathematical Induction Proof by Mathematical Induction

- Example: - Exampl e (continued):
- Provethat abinary treewith n leaves has 2n-1 - Provethat abinary treewith n leaves has 2n-1
nodes. nodes.
= Formdly, S(T): If Tisabinary treewith n leaves, Inductive Step: Consider a binary tree T with
then T has 2n-1 nodes. k+1 leaves ...

= Induction is on the number of nodesin T.

Basis: If T isaonenodetree, then has only one
leaf; 1 = 2" 1-1, so OK.

Inductive Hypothesis: Assume S(U) holds for al

binary trees U with & most k |eaves
Hence, if U is abinary treewith k

leaves, U has 2k-1 nodes.
B.Juliano © 2002, based on notes by J. Uliman

= T must havetwo subtreesU and V.

= If U and Vhaveu and v leaves, respectivey, then T
has u + v=k+1 leaves.

&2
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Proof by Mathematical Induction Proof by Equivalence

- Exampl e(continued): - Form: Prove“Xifandonly ifY.”

Inductive Step: Consider a binary tree T with
k+1 leaves ...
- By theinductive hypothesis, U and V have 2u-1 and
2v-1 nodes, respectively.
= Then T has 1 + (2u-1) + (2v-1) nodes.
= T has 2(u+Vv)-1 nodes.
= T has 2(k+1)-1 nodes, proving theinductive step.
= AssumexisinT, provexisinS.
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= The proof has to be donein two steps:
- Provetheif-part: AssumeY and prove X.
- Provetheonly-if-part: Assume X and prove.
- Example Equivaenceof sets Sand T can be
shown when xisin Sifand only if xisin T.
- Assumexisin§ provexisinT.
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Proof by Equivalence

- Form: Prove“Xifand only ifY.”
- Remember:

- Theif-part and only-if-part are conver ses of
each other.

- Onepat, say “if Xthen Y,” says nothing about
whether Y is true when X is fa se.

- Andtenate, equivdent form of “ if Xthen Y’ is
“ifnot Y then not X' — thelaterisa
contrapositive of the former.
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Proof by Equivalence

= Theorem A string of parenthesesw is GB if and
only ifwis SB.

= Proof (if-part):
- Assumew is SB; proveit is GB by induction on
|wl|, the length of string w.
Basis: If |w|=0(i.e. wis &), thenwis GB by GB
rulea

Inductive Hypothesis: Suppose the statement “ if
SB then GB” istruefor al w where |wi|<n.
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- Example: Bdanced Parentheses

Proof by Equivalence

Two ways to define” ba anced parentheses” :
1. Grammatically (GB):

a) Theempty string, €, is ba anced.

b) If wis baanced, then (w) isbaanced.

) If wand x are baanced, then so iswx.

2. By Scanning (SB): wisbdanced if and only if

a) w has an equa number of left and right
parentheses

b) Every prefix of w has & |east as man
noe 2002 LLGOL pPArentheses

Proof by Equivalence

Inductive Step: Show that the statement “ if SB
then GB” istruefor dl w where |wf n.

= Casel: wisnot e but has no nonempty prefix
that has an equd number of (and ). Then, w
must begin with ( and end with); i.e. w =(x).
= xmust beSB (why?).
- Xis GB by theInductive Hypothesis.
= (X)isGB by GB ruleb; but (X=w, sowis GB.
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Proof by Equivalence Proof by Equivalence

Inductive Step: Show that the statement “ if SB
then GB” istruefor dl w where |wf n.

- Theorem A string of parenthesesw is GB if and
only ifwis SB.

= Case 2: w=xy, wherex is the shortest, = Proof (only-if-part):

nonempty prefix of w with an equa number

of (and), and y'e.

- xandy areboth SB (why?).

= xandy areboth GB by the Inductive Hypothesis.

- wisGB by GB rulec.

= Assumew is GB; proveit is SB by induction on
|wl, the length of string w.
Basis: If [w|=0 (i.e. wis €), then clearly w obeys
the conditions for being SB.
Inductive Hypothesis: Suppose the statement
“SB only if GB” istruefor dl wt e where

[wi<n.
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Proof by Equivalence Proof by Equivalence

Inductive Step: Show tha the statement “SB only
if GB” istruefor dl wwhere |wp n.

Inductive Step: Show that the statement “SB only
if GB” istruefor dl wwhere |wf n.

- Casel: wisGB by GB ruleb; i.e. w=(x) and
xisGB.
= Xis SB by Inductive Hypothesis.
= Sincex has equa number of (and ), so does ().

= Sincex has no prefix with more ( than ), then so
does (x).

- Case2: Wt eisGB by GB rulec; i.e. w=xy
and both x and y are GB.
= xandy are SB by Inductive Hypothesis.
= (Aside) Trickier than it looks: we haveto arguetha
neither Xt e nor y! e, becauseif one were, the other

would bew, and this rule gpplicaion could not be
the onethat first showsw to be GB.

= Sinceeach of x and y have equa number of (and ),
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Proof by Equivalence Languages

Inductive Step: Show tha the statement “SB only
if GB” istruefor dl wwhere |wp n.

= Alphabet = finite set of symbols
Examples: {0,1} (thebinary aphabet)
{ab.c....Z}

= String = finite sequence of symbols chosen from
some a phabet

Exampless 01101
abracadabra

= Case 2: continued ...

= If whad aprefix with more) than (, that prefix
would either be a prefix of x (contradi cting the fact
that x has no such prefix) or it would be x fol lowed
by aprefix of y (contradicting thefact that y d so has
no such prefix).

= (Aside) Aboveis an exampl e of proof by
contradiction — we assumed our conclusion about w
was fd se and showed it would imply something that
weknow isfdse
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- Language
= set of strings chosen from some a phabet
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Languages Languages

- Powers of an al phabet - Note:

- If S isan dphabet, define Sk to be the set of
strings of length k, consisting of symbolsin S.
- Theset of all strings over S isdenoted S*; and,
S* = SOE S'E S2E w
= Theset of nonempty strings over S is denoted
S*; further,
St = SLE S2E S3E w
S = S'E{¢g

- A language may beinfinite, but thereis some
finite set of symbols of which dl its strings are
composed from.

- Examples:

- Theset of dl binary strings consisting of some
number of 0’ s followed by an equal number of

1l's thais, {€01,0011,000111,...}.
= C (the set of compilable C programs)

-
English
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Languages Problems

- More Abstract Exampl es: - In automatatheory, a problem is the question of
deciding whether agiven string is amember of

- Theset of binary numbers whosevdueis :
some particular language.

prime; that is, {10,11,101,111,1011,..}
- S" isalanguage for any aphabet S - Hence, ifS isan dphabet, and L is alanguage

- A, theempty language, is alanguage over any over S, then theproblem L is

a phabet.

- {e}, thelanguage consisting of only the empty
string, is aso alanguage over any d phabet.
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Givenastringwl S*, decideifwi L.
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Copyright and Intellectual Property Notice

This document and its contents are the Intellectual Property (IP)
of Dr. Benjoe A Juliano of the Department of Computer Science
at California State University, Chico (CSUC). Dr. Juliano claims
exclusive moral rights of ownership under current Copyright
Laws (Tile 17 of the United States Code and 1998 Digital
Milenium Copyright Act) and IP Policies/Guidelines (CSUC
EMB3-08, EMI7-07, and Article 39 of the CFACSU Contract)
including, but not limited to:
- the exclusive right to copy, reproduce, and/or distribute this
document;
- the right to be identified as the creator of this work (the right
of atfribution);

- the right to take action against false attribution; and

- the right to object to derogatory treatment of this work (the
right of integrity).
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