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0.1Preface

ThisLectureNotescontainesthematerialofthecourseonNeuralFuzzySystemsdelivered
bytheauthoratTurkuCenterforComputerSciencein1995.

FuzzysetswereintroducedbyZadeh(1965)asameansofrepresentingandmanipulating
datathatwasnotprecise,butratherfuzzy.Fuzzylogicprovidesaninferencemorphology
thatenablesapproximatehumanreasoningcapabilitiestobeappliedtoknowledge-based
systems.Thetheoryoffuzzylogicprovidesamathematicalstrengthtocapturetheuncer-
taintiesassociatedwithhumancognitiveprocesses,suchasthinkingandreasoning.The
conventionalapproachestoknowledgerepresentationlackthemeansforrepresentating
themeaningoffuzzyconcepts.Asaconsequence,theapproachesbasedon¯rstorder
logicandclassicalprobablitytheorydonotprovideanappropriateconceptualframework
fordealingwiththerepresentationofcommonsenseknowledge,sincesuchknowledgeis
byitsnaturebothlexicallyimpreciseandnoncategorical.

Thedevelopementoffuzzylogicwasmotivatedinlargemeasurebytheneedforacon-
ceptualframeworkwhichcanaddresstheissueofuncertaintyandlexicalimprecision.

Someoftheessentialcharacteristicsoffuzzylogicrelatetothefollowing[120].

²Infuzzylogic,exactreasoningisviewedasalimitingcaseofapproximate
reasoning.

²Infuzzylogic,everythingisamatterofdegree.

²Infuzzylogic,knowledgeisinterpretedacollectionofelasticor,equiva-
lently,fuzzyconstraintonacollectionofvariables.

²Inferenceisviewedasaprocessofpropagationofelasticconstraints.

²Anylogicalsystemcanbefuzzi¯ed.

Therearetwomaincharacteristicsoffuzzysystemsthatgivethembetterperformance
forspeci¯capplications.

²Fuzzysystemsaresuitableforuncertainorapproximatereasoning,especiallyfor
thesystemwithamathematicalmodelthatisdi±culttoderive.

²Fuzzylogicallowsdecisionmakingwithestimatedvaluesunderincompleteorun-
certaininformation.

Arti¯cialneuralsystemscanbeconsideredassimpli¯edmathematicalmodelsofbrain-
likesystemsandtheyfunctionasparalleldistributedcomputingnetworks.However,
incontrasttoconventionalcomputers,whichareprogrammedtoperformspeci¯ctask,
mostneuralnetworksmustbetaught,ortrained.Theycanlearnnewassociations,new
functionaldependenciesandnewpatterns.

Thestudyofbrain-stylecomputationhasitsrootsover50yearsagointheworkofMc-
CullochandPitts(1943)andslightlylaterinHebb'sfamousOrganizationofBehavior
(1949).Theearlyworkinarti¯cialintelligencewastornbetweenthosewhobelievedthat
intelligentsystemscouldbestbebuiltoncomputersmodeledafterbrains,andthoselike
MinskyandPapertwhobelievedthatintelligencewasfundamentallysymbolprocessing
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ofthekindreadilymodeledonthevonNeumanncomputer.Foravarietyofreasons,
thesymbol-processingapproachbecamethedominantthemeinartifcialintelligence.The
1980sshowedarebirthininterestinneuralcomputing:Hop¯eld(1985)providedthe
mathematicalfoundationforunderstandingthedynamicsofanimportantclassofnet-
works;RumelhartandMcClelland(1986)introducedthebackpropagationlearningalgo-
rithmforcomplex,multi-layernetworksandtherebyprovidedananswertooneofthe
mostseverecriticismsoftheoriginalperceptronwork.

Perhapsthemostimportantadvantageofneuralnetworksistheiradaptivity.Neural
networkscanautomaticallyadjusttheirweightstooptimizetheirbehavioraspattern
recognizers,decisionmakers,systemcontrollers,predictors,etc.Adaptivityallowsthe
neuralnetworktoperformwellevenwhentheenvironmentorthesystembeingcon-
trolledvariesovertime.Therearemanycontrolproblemsthatcanbene¯tfromcontinual
nonlinearmodelingandadaptation.

Whilefuzzylogicperformsaninferencemechanismundercognitiveuncertainty,compu-
tationalneuralnetworkso®erexcitingadvantages,suchaslearning,adaptation,fault-
tolerance,parallelismandgeneralization.Abriefcomparativestudybetweenfuzzysys-
temsandneuralnetworksintheiroperationsinthecontextofknowledgeacquisition,
uncertainty,reasoningandadaptationispresentedinthefollowingtable[58]:

SkillsFuzzySystemsNeuralNets

KnowledgeInputsHumanexpertsSamplesets
acquisitionToolsInteractionAlgorithms

UncertaintyInformationQuantitiveandQuantitive
Qualitive

CognitionDecisionmakingPerception

ReasoningMechanismHeuristicsearchParallelcomputations
SpeedLowHigh

AdaptionFault-toleranceLowVeryhigh
LearningInductionAdjustingweights

NaturalImplementationExplicitImplicit
languageFlexibilityHighLow

Table0.1Propertiesoffuzzysystemsandneuralnetworks.

Toenableasystemtodealwithcognitiveuncertaintiesinamannermorelikehumans,
onemayincorporatetheconceptoffuzzylogicintotheneuralnetworks.Theresulting
hybridsystemiscalledfuzzyneural,neuralfuzzy,neuro-fuzzyorfuzzy-neuronetwork.

Neuralnetworksareusedtotunemembershipfunctionsoffuzzysystemsthatareemployed
asdecision-makingsystemsforcontrollingequipment.Althoughfuzzylogiccanencode
expertknowledgedirectlyusingruleswithlinguisticlabels,itusuallytakesalotoftime
todesignandtunethemembershipfunctionswhichquantitativelyde¯netheselinquistic
labels.Neuralnetworklearningtechniquescanautomatethisprocessandsubstantially
reducedevelopmenttimeandcostwhileimprovingperformance.
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Intheory,neuralnetworks,andfuzzysystemsareequivalentinthattheyareconvertible,
yetinpracticeeachhasitsownadvantagesanddisadvantages.Forneuralnetworks,the
knowledgeisautomaticallyacquiredbythebackpropagationalgorithm,butthelearning
processisrelativelyslowandanalysisofthetrainednetworkisdi±cult(blackbox).
Neitherisitpossibletoextractstructuralknowledge(rules)fromthetrainedneural
network,norcanweintegratespecialinformationabouttheproblemintotheneural
networkinordertosimplifythelearningprocedure.

Fuzzysystemsaremorefavorableinthattheirbehaviorcanbeexplainedbasedonfuzzy
rulesandthustheirperformancecanbeadjustedbytuningtherules.Butsince,ingeneral,
knowledgeacquisitionisdi±cultandalsotheuniverseofdiscourseofeachinputvariable
needstobedividedintoseveralintervals,applicationsoffuzzysystemsarerestrictedto
the¯eldswhereexpertknowledgeisavailableandthenumberofinputvariablesissmall.

Toovercometheproblemofknowledgeacquisition,neuralnetworksareextendedtoau-
tomaticallyextractfuzzyrulesfromnumericaldata.

Cooperativeapproachesuseneuralnetworkstooptimizecertainparametersofanordinary
fuzzysystem,ortopreprocessdataandextractfuzzy(control)rulesfromdata.

Thebasicprocessingelementsofneuralnetworksarecalledarti¯cialneurons,orsimply
neurons.Thesignal°owfromofneuroninputs,xj,isconsideredtobeunidirectionalas
indicatedbyarrows,asisaneuron'soutputsignal°ow.Considerasimpleneuralnetin
Figure0.1.Allsignalsandweightsarerealnumbers.Theinputneuronsdonotchange
theinputsignalssotheiroutputisthesameastheirinput.Thesignalxiinteractswith
theweightwitoproducetheproductpi=wixi;i=1;:::;n.Theinputinformationpi
isaggregated,byaddition,toproducetheinput

net=p1+¢¢¢+pn=w1x1+¢¢¢+wnxn

totheneuron.Theneuronusesitstransferfunctionf,whichcouldbeasigmoidal
function,

f(t)=
1

1+e¡t

tocomputetheoutput

y=f(net)=f(w1x1+¢¢¢+wnxn):

Thissimpleneuralnet,whichemploysmultiplication,addition,andsigmoidalf,willbe
calledasregular(orstandard)neuralnet.

Figure0.1Asimpleneuralnet.

Ifweemployotheroperationslikeat-norm,orat-conorm,tocombinetheincoming
datatoaneuronweobtainwhatwecallahybridneuralnet.Thesemodi¯cationslead
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toafuzzyneuralarchitecturebasedonfuzzyarithmeticoperations.Ahybridneuralnet
maynotusemultiplication,addition,orasigmoidalfunction(becausetheresultsofthese
operationsarenotnecesserilyareintheunitinterval).

Ahybridneuralnetisaneuralnetwithcrispsignalsandweightsandcrisptransfer
function.However,(i)wecancombinexiandwiusingat-norm,t-conorm,orsomeother
continuousoperation;(ii)wecanaggregatethepi'swithat-norm,t-conorm,oranyother
continuousfunction;(iii)fcanbeanycontinuousfunctionfrominputtooutput.

Weemphasizeherethatallinputs,outputsandtheweightsofahybridneuralnetare
realnumberstakenfromtheunitinterval[0;1].Aprocessingelementofahybridneural
netiscalledfuzzyneuron.

Itiswell-knownthatregularnetsareuniversalapproximators,i.e.theycanapproximate
anycontinuousfunctiononacompactsettoarbitraryaccuracy.Inadiscretefuzzy
expertsystemoneinputsadiscreteapproximationtothefuzzysetsandobtainsadiscrete
approximationtotheoutputfuzzyset.Usuallydiscretefuzzyexpertsystemsandfuzzy
controllersarecontinuousmappings.Thuswecanconcludethatgivenacontinuousfuzzy
expertsystem,orcontinuousfuzzycontroller,thereisaregularnetthatcanuniformly
approximateittoanydegreeofaccuracyoncompactsets.Theproblemwiththisresult
thatitisnon-constructiveanddoesnottellyouhowtobuildthenet.

HybridneuralnetscanbeusedtoimplementfuzzyIF-THENrulesinaconstructiveway.
Thoughhybridneuralnetscannotusedirectlythestandarderrorbackpropagationalgo-
rithmforlearning,theycanbetrainedbysteepestdescentmethodstolearntheparameters
ofthemembershipfunctionsrepresentingthelinguistictermsintherules.

Thedirectfuzzi¯cationofconventionalneuralnetworksistoextendconnectionweigths
and/orinputsand/orfuzzydesiredoutputs(ortargets)tofuzzynumbers.Thisextension
issummarizedinTable0.2.

FuzzyneuralnetWeightsInputsTargets

Type1crispfuzzycrisp

Type2crispfuzzyfuzzy

Type3fuzzyfuzzyfuzzy

Type4fuzzycrispfuzzy

Type5crispcrispfuzzy

Type6fuzzycrispcrisp

Type7fuzzyfuzzycrisp

Table0.2Directfuzzi¯cationofneuralnetworks.

FuzzyneuralnetworksofType1areusedinclassi¯cationproblemofafuzzyinputvector
toacrispclass.ThenetworksofType2,3and4areusedtoimplementfuzzyIF-THEN
rules.However,thelastthreetypesinTable0.2areunrealistic.

²InType5,outputsarealwaysrealnumbersbecausebothinputsandweightsare
realnumbers.
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²InType6and7,thefuzzi¯cationofweightsisnotnecessarybecausetargetsare
realnumbers.

Aregularfuzzyneuralnetworkisaneuralnetworkwithfuzzysignalsand/orfuzzyweights,
sigmoidaltransferfunctionandalltheoperationsarede¯nedbyZadeh'sextensionprin-
ciple.ConsiderasimpleregularfuzzyneuralnetinFigure0.2.

Figure0.2Simpleregularfuzzyneuralnet.

Allsignalsandweightsarefuzzynumbers.Theinputneuronsdonotchangetheinput
signalssotheiroutputisthesameastheirinput.ThesignalXiinteractswiththeweight
WitoproducetheproductPi=WiXi;i=1;:::;n,whereweusetheextensionprinciple
tocomputePi.TheinputinformationPiisaggregated,bystandardextendedaddition,
toproducetheinput

net=P1+¢¢¢+Pn=W1X1+¢¢¢+WnXn

totheneuron.Theneuronusesitstransferfunctionf,whichisasigmoidalfunction,to
computetheoutput

Y=f(net)=f(W1X1+¢¢¢+WnXn)

wherefisasigmoidalfunctionandthemembershipfunctionoftheoutputfuzzysetY
iscomputedbytheextensionprinciple.

Themaindisadvantageofregularfuzzyneuralnetworkthattheyarenotuniversalap-
proximators.Thereforewemustabandontheextensionprincipleifwearetoobtaina
universalapproximator.

Ahybridfuzzyneuralnetworkisaneuralnetworkwithfuzzysignalsand/orfuzzyweights.
However,(i)wecancombineXiandWiusingat-norm,t-conorm,orsomeothercon-
tinuousoperation;(ii)wecanaggregatethePi'swithat-norm,t-conorm,oranyother
continuousfunction;(iii)fcanbeanyfunctionfrominputtooutput.

BuckleyandHayashi[28]showedthathybridfuzzyneuralnetworksareuniversalapprox-
imators,i.e.theycanapproximateanycontinuousfuzzyfunctionsonacompactdomain.

ThisLectureNotesisorganizedinfourChapters.TheFirstChapterisdealingwith
inferencemechanismsinfuzzyexpertsystems.TheSecondChapterprovidesabrief
descriptionoflearningrulesoffeedforwardmulti-layersupervisedneuralnetworks,and
Kohonen'sunsupervisedlearningalgorithmforclassi¯cationofinputpatterns.Inthe
ThirdChapterweexplainthebasicprinciplesoffuzzyneuralhybridsystems.Inthe
FourthChapterwepresentsomeexcercisesfortheReader.
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Chapter1

FuzzySystems

1.1Anintroductiontofuzzylogic

FuzzysetswereintroducedbyZadeh[113]asameansofrepresentingandmanipulating
datathatwasnotprecise,butratherfuzzy.

ThereisastrongrelationshipbetweenBooleanlogicandtheconceptofasubset,thereis
asimilarstrongrelationshipbetweenfuzzylogicandfuzzysubsettheory.

Inclassicalsettheory,asubsetAofasetXcanbede¯nedbyitscharacteristicfunction
ÂAasamappingfromtheelementsofXtotheelementsofthesetf0;1g,

ÂA:X!f0;1g:

Thismappingmayberepresentedasasetoforderedpairs,withexactlyoneorderedpair
presentforeachelementofX.The¯rstelementoftheorderedpairisanelementofthe
setX,andthesecondelementisanelementofthesetf0;1g.Thevaluezeroisusedto
representnon-membership,andthevalueoneisusedtorepresentmembership.Thetruth
orfalsityofthestatement

"xisinA"

isdeterminedbytheorderedpair(x;ÂA(x)).Thestatementistrueifthesecondelement
oftheorderedpairis1,andthestatementisfalseifitis0.

Similarly,afuzzysubsetAofasetXcanbede¯nedasasetoforderedpairs,eachwith
the¯rstelementfromX,andthesecondelementfromtheinterval[0;1],withexactly
oneorderedpairpresentforeachelementofX.Thisde¯nesamapping,¹A,between
elementsofthesetXandvaluesintheinterval[0;1].Thevaluezeroisusedtorepresent
completenon-membership,thevalueoneisusedtorepresentcompletemembership,and
valuesinbetweenareusedtorepresentintermediatedegreesofmembership.ThesetX
isreferredtoastheuniverseofdiscourseforthefuzzysubsetA.Frequently,themapping
¹Aisdescribedasafunction,themembershipfunctionofA.Thedegreetowhichthe
statement

"xisinA"

istrueisdeterminedby¯ndingtheorderedpair(x;¹A(x)).Thedegreeoftruthofthe
statementisthesecondelementoftheorderedpair.Itshouldbenotedthattheterms
membershipfunctionandfuzzysubsetgetusedinterchangeably.
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Definition1.1.1[113]LetXbeanonemptyset.AfuzzysetAinXischaracterizedby
itsmembershipfunction

¹A:X![0;1]

and¹A(x)isinterpretedasthedegreeofmembershipofelementxinfuzzysetAforeach
x2X.

ItisclearthatAiscompletelydeterminedbythesetoftuples

A=f(x;¹A(x))jx2Xg

FrequentlywewillwritesimplyA(x)insteadof¹A(x).Thefamilyofallfuzzy(sub)sets
inXisdenotedbyF(X).Fuzzysubsetsofthereallinearecalledfuzzyquantities.

IfX=fx1;:::;xngisa¯nitesetandAisafuzzysetinXthenweoftenusethenotation

A=¹1=x1+:::+¹n=xn

wheretheterm¹i=xi;i=1;:::;nsigni¯esthat¹iisthegradeofmembershipofxiinA
andtheplussignrepresentstheunion.

Example1.1.1Supposewewanttode¯nethesetofnaturalnumbers"closeto1".This
canbeexpressedby

A=0:0=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:0=4:

Figure1.1Adiscretemembershipfunctionfor"xiscloseto1".

Example1.1.2Themembershipfunctionofthefuzzysetofrealnumbers"closeto1",
iscanbede¯nedas

A(t)=exp(¡¯(t¡1)
2
)

where¯isapositiverealnumber.

Figure1.2Amembershipfunctionfor"xiscloseto1".
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Example1.1.3Assumesomeonewantstobuyacheapcar.Cheapcanberepresentedas
afuzzysetonauniverseofprices,anddependsonhispurse.Forinstance,fromFig.1.3.
cheapisroughlyinterpretedasfollows:

²Below3000$carsareconsideredascheap,andpricesmakenorealdi®erenceto
buyer'seyes.

²Between3000$and4500$,avariationinthepriceinducesaweakpreferencein
favorofthecheapestcar.

²Between4500$and6000$,asmallvariationinthepriceinducesaclearpreference
infavorofthecheapestcar.

²Beyond6000$thecostsaretoohigh(outofconsideration).

Figure1.3Membershipfunctionof"cheap".

Definition1.1.2(support)LetAbeafuzzysubsetofX;thesupportofA,denoted
supp(A),isthecrispsubsetofXwhoseelementsallhavenonzeromembershipgradesin
A.

supp(A)=fx2XjA(x)>0g:

Definition1.1.3(normalfuzzyset)AfuzzysubsetAofaclassicalsetXiscallednormal
ifthereexistsanx2XsuchthatA(x)=1.OtherwiseAissubnormal.

Definition1.1.4(®-cut)An®-levelsetofafuzzysetAofXisanon-fuzzysetdenoted
by[A]

α
andisde¯nedby

[A]
α

=
½

ft2XjA(t)¸®gif®>0
cl(suppA)if®=0

wherecl(suppA)denotestheclosureofthesupportofA.

Example1.1.4AssumeX=f¡2;¡1;0;1;2;3;4gand

A=0:0=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:0=4;

10
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inthiscase

[A]
α

=

8
<

:

f¡1;0;1;2;3gif0·®·0:3
f0;1;2gif0:3<®·0:6
f1gif0:6<®·1

Definition1.1.5(convexfuzzyset)AfuzzysetAofXiscalledconvexif[A]
α

isa
convexsubsetofX8®2[0;1].

Figure1.4An®-cutofatriangularfuzzynumber.

Inmanysituationspeopleareonlyabletocharacterizenumericinformationimprecisely.
Forexample,peopleusetermssuchas,about5000,nearzero,oressentiallybiggerthan
5000.Theseareexamplesofwhatarecalledfuzzynumbers.Usingthetheoryoffuzzy
subsetswecanrepresentthesefuzzynumbersasfuzzysubsetsofthesetofrealnumbers.
Moreexactly,

Definition1.1.6(fuzzynumber)AfuzzynumberAisafuzzysetofthereallinewith
anormal,(fuzzy)convexandcontinuousmembershipfunctionofboundedsupport.The
familyoffuzzynumberswillbedenotedbyF.

Definition1.1.7(quasifuzzynumber)AquasifuzzynumberAisafuzzysetofthereal
linewithanormal,fuzzyconvexandcontinuousmembershipfunctionsatisfyingthelimit
conditions

lim
t!1

A(t)=0;lim
t!¡1

A(t)=0:

Figure1.5Fuzzynumber.

LetAbeafuzzynumber.Then[A]
γ

isaclosedconvex(compact)subsetofIRforall
°2[0;1].Letusintroducethenotations

a1(°)=min[A]
γ
;a2(°)=max[A]

γ
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Inotherwords,a1(°)denotestheleft-handsideanda2(°)denotestheright-handsideof
the°-cut.Itiseasytoseethat

If®·¯then[A]
α

¾[A]
β

Furthermore,theleft-handsidefunction

a1:[0;1]!IR

ismonotonincreasingandlowersemicontinuous,andtheright-handsidefunction

a2:[0;1]!IR

ismonotondecreasinganduppersemicontinuous.Weshallusethenotation

[A]
γ

=[a1(°);a2(°)]:

ThesupportofAistheopeninterval(a1(0);a2(0)).

Figure1.5aThesupportofAis(a1(0);a2(0)).

IfAisnotafuzzynumberthenthereexistsan°2[0;1]suchthat[A]
γ

isnotaconvex
subsetofIR.

Figure1.6Notfuzzynumber.

Definition1.1.8(triangularfuzzynumber)AfuzzysetAiscalledtriangularfuzzynum-
berwithpeak(orcenter)a,leftwidth®>0andrightwidth¯>0ifitsmembership
functionhasthefollowingform

A(t)=

8
><

>:

1¡(a¡t)=®ifa¡®·t·a

1¡(t¡a)=¯ifa·t·a+¯

0otherwise
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andweusethenotationA=(a;®;¯).Itcaneasilybeveri¯edthat

[A]
γ

=[a¡(1¡°)®;a+(1¡°)¯];8°2[0;1]:

ThesupportofAis(a¡®;b+¯).

Figure1.7Triangularfuzzynumber.

Atriangularfuzzynumberwithcenteramaybeseenasafuzzyquantity

"xisapproximatelyequaltoa".

Definition1.1.9(trapezoidalfuzzynumber)AfuzzysetAiscalledtrapezoidalfuzzy
numberwithtoleranceinterval[a;b],leftwidth®andrightwidth¯ifitsmembership
functionhasthefollowingform

A(t)=

8
>>
>>
<

>>
>>
:

1¡(a¡t)=®ifa¡®·t·a

1ifa·t·b

1¡(t¡b)=¯ifa·t·b+¯

0otherwise

andweusethenotationA=(a;b;®;¯).Itcaneasilybeshownthat

[A]
γ

=[a¡(1¡°)®;b+(1¡°)¯];8°2[0;1]:

ThesupportofAis(a¡®;b+¯).

Figure1.8Trapezoidalfuzzynumber.

Atrapezoidalfuzzynumbermaybeseenasafuzzyquantity

"xisapproximatelyintheinterval[a;b]".
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Definition1.1.10(LR-representationoffuzzynumbers)AnyfuzzynumberA2Fcan
bedescribedas

A(t)=

8
>>
>>
>>
>>
><

>>
>>
>>
>>
>:

L

Ã
a¡t

®

!

ift2[a¡®;a]

1ift2[a;b]

R

Ã
t¡b)

¯

!

ift2[b;b+¯]

0otherwise

where[a;b]isthepeakorcoreofA,

L:[0;1]![0;1];R:[0;1]![0;1]

arecontinuousandnon-increasingshapefunctionswithL(0)=R(0)=1andR(1)=
L(1)=0.WecallthisfuzzyintervalofLR-typeandrefertoitby

A=(a;b;®;¯)LR

ThesupportofAis(a¡®;b+¯).

Figure1.9FuzzynumberoftypeLRwithnonlinearreferencefunctions.

Definition1.1.11(quasifuzzynumberoftypeLR)AnyquasifuzzynumberA2F(IR)
canbedescribedas

A(t)=

8
>>
>>
>>
><

>>
>>
>>
>:

L

Ã
a¡t

®

!

ift·a;

1ift2[a;b];

R

Ã
t¡b

¯

!

ift¸b;

where[a;b]isthepeakorcoreofA,

L:[0;1)![0;1];R:[0;1)![0;1]

arecontinuousandnon-increasingshapefunctionswithL(0)=R(0)=1and

lim
t!1

L(t)=0;lim
t!1

R(t)=0:
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LetA=(a;b;®;¯)LRbeafuzzynumberoftypeLR.Ifa=bthenweusethenotation

A=(a;®;¯)LR

andsaythatAisaquasi-triangularfuzzynumber.FurthermoreifL(x)=R(x)=1¡x
theninsteadofA=(a;b;®;¯)LRwesimplywrite

A=(a;b;®;¯):

Figure1.10Nonlinearandlinearreferencefunctions.

Definition1.1.12(subsethood)LetAandBarefuzzysubsetsofaclassicalsetX.We
saythatAisasubsetofBifA(t)·B(t);8t2X.

Figure1.10aAisasubsetofB.

Definition1.1.13(equalityoffuzzysets)LetAandBarefuzzysubsetsofaclassical
setX.AandBaresaidtobeequal,denotedA=B,ifA½BandB½A.Wenote
thatA=BifandonlyifA(x)=B(x)forx2X.

Example1.1.5LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:0=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:0=4

B=0:1=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

ItiseasytocheckthatA½Bholds.

Definition1.1.14(emptyfuzzyset)TheemptyfuzzysubsetofXisde¯nedasthefuzzy
subset;ofXsuchthat;(x)=0foreachx2X.

15
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Itiseasytoseethat;½AholdsforanyfuzzysubsetAofX.

Definition1.1.15ThelargestfuzzysetinX,calleduniversalfuzzysetinX,denoted
by1X,isde¯nedby1X(t)=1;8t2X.

ItiseasytoseethatA½1XholdsforanyfuzzysubsetAofX.

Figure1.11ThegraphoftheuniversalfuzzysubsetinX=[0;10].

Definition1.1.16(Fuzzypoint)LetAbeafuzzynumber.Ifsupp(A)=fx0gthenAis
calledafuzzypointandweusethenotationA=¹x0.

Figure1.11aFuzzypoint.

LetA=¹x0beafuzzypoint.Itiseasytoseethat[A]
γ

=[x0;x0]=fx0g;8°2[0;1]:

Exercise1.1.1LetX=[0;2]betheuniverseofdiscourseoffuzzynumberAde¯nedby
themembershipfunctionA(t)=1¡tift2[0;1]andA(t)=0,otherwise.InterpretA
linguistically.

Exercise1.1.2LetA=(a;b;®;¯)LRandA0=(a0;b0;®0;¯0)LRbefuzzynumbersoftype
LR.Givenecessaryandsu±cientconditionsforthesubsethoodofAinA0.

Exercise1.1.3LetA=(a;®)beasymmetricaltriangularfuzzynumber.Calculate[A]
γ

asafunctionofaand®.

Exercise1.1.4LetA=(a;®;¯)beatriangularfuzzynumber.Calculate[A]
γ

asa
functionofa,®and¯.
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Exercise1.1.5LetA=(a;b;®;¯)beatrapezoidalfuzzynumber.Calculate[A]
γ

asa
functionofa,b,®and¯.

Exercise1.1.6LetA=(a;b;®;¯)LRbeafuzzynumberoftypeLR.Calculate[A]
γ

asa
functionofa,b,®,¯,LandR.

17
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1.2Operationsonfuzzysets

Inthissectionweextendtheclassicalsettheoreticoperationsfromordinarysettheory
tofuzzysets.Wenotethatallthoseoperationswhichareextensionsofcrispconcepts
reducetotheirusualmeaningwhenthefuzzysubsetshavemembershipdegreesthatare
drawnfromf0;1g.Forthisreason,whenextendingoperationstofuzzysetsweusethe
samesymbolasinsettheory.

LetAandBarefuzzysubsetsofanonempty(crisp)setX.

Definition1.2.1(intersection)TheintersectionofAandBisde¯nedas

(A\B)(t)=minfA(t);B(t)g=A(t)^B(t);8t2X

Example1.2.1LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:6=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

ThenA\Bhasthefollowingform

A[B=0:1=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:2=4:

Figure1.12Intersectionoftwotriangularfuzzynumbers.

Definition1.2.2(union)TheunionofAandBisde¯nedas

(A[B)(t)=maxfA(t);B(t)g=A(t)_B(t);8t2X

Example1.2.2LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:6=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

ThenA[Bhasthefollowingform

A[B=0:6=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:4=4:

18
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Figure1.13Unionoftwotriangularfuzzynumbers.

Definition1.2.3(complement)ThecomplementofafuzzysetAisde¯nedas

(:A)(t)=1¡A(t)

Acloselyrelatedpairofpropertieswhichholdinordinarysettheoryarethelawofexcluded
middle

A_:A=X

andthelawofnoncontradictionprinciple

A^:A=;

Itisclearthat:1X=;and:;=1X,however,thelawsofexcludedmiddleandnoncon-
tradictionarenotsatis¯edinfuzzylogic.

Lemma1.2.1Thelawofexcludedmiddleisnotvalid.LetA(t)=1=2;8t2IR,thenit
iseasytoseethat

(:A_A)(t)=maxf:A(t);A(t)g=maxf1¡1=2;1=2g=1=26=1

Lemma1.2.2Thelawofnoncontradictionisnotvalid.LetA(t)=1=2;8t2IR,then
itiseasytoseethat

(:A^A)(t)=minf:A(t);A(t)g=minf1¡1=2;1=2g=1=26=0

However,fuzzylogicdoessatisfyDeMorgan'slaws

:(A^B)=:A_:B;:(A_B)=:A^:B

TriangularnormswereintroducedbySchweizerandSklar[91]tomodelthedistancesin
probabilisticmetricspaces.Infuzzysetstheorytriangularnormsareextensivelyusedto
modellogicalconnectiveand.

Definition1.2.4(Triangularnorm.)Amapping

T:[0;1]£[0;1]![0;1]

isatriangularnorm(t-normforshort)i®itissymmetric,associative,non-decreasingin
eachargumentandT(a;1)=a,foralla2[0;1].Inotherwords,anyt-normTsatis¯es
theproperties:
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T(x;y)=T(y;x)(symmetricity)

T(x;T(y;z))=T(T(x;y);z)(associativity)

T(x;y)·T(x0;y0)ifx·x0andy·y0(monotonicity)

T(x;1)=x,8x2[0;1](oneidenty)

Allt-normsmaybeextended,throughassociativity,ton>2arguments.Thet-norm
MINisautomaticallyextendedand

PAND(a1;:::;an)=a1a2¢¢¢an

LAND(a1;:::an)=maxf
nX

i=1

ai¡n+1;0g

At-normTiscalledstrictifTisstrictlyincreasingineachargument.

minimumMIN(a;b)=minfa;bg

ÃLukasiewiczLAND(a;b)=maxfa+b¡1;0g

probabilisticPAND(a;b)=ab

weakWEAK(a;b)=

(
minfa;bgifmaxfa;bg=1

0otherwise

HamacherHANDγ(a;b)=ab=(°+(1¡°)(a+b¡ab)),°¸0

DuboisandPradeDANDα(a;b)=ab=maxfa;b;®g;®2(0;1)

YagerYANDp(a;b)=1¡minf1;[(1¡a)
p

+(1¡b)
p
]1/pg;p>0

Table1.1Basict-norms.

Triangularconormsareextensivelyusedtomodellogicalconnectiveor.

Definition1.2.5(Triangularconorm.)Amapping

S:[0;1]£[0;1]![0;1]

isatriangularco-norm(t-conormforshort)ifitissymmetric,associative,non-decreasing
ineachargumentandS(a;0)=a,foralla2[0;1].Inotherwords,anyt-conormS
satis¯estheproperties:

S(x;y)=S(y;x)(symmetricity)

S(x;S(y;z))=S(S(x;y);z)(associativity)

S(x;y)·S(x0;y0)ifx·x0andy·y0(monotonicity)

S(x;0)=x,8x2[0;1](zeroidenty)
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IfTisat-normthentheequalityS(a;b):=1¡T(1¡a;1¡b)de¯nesat-conormand
wesaythatSisderivedfromT.

maximumMAX(a;b)=maxfa;bg

ÃLukasiewiczLOR(a;b)=minfa+b;1g

probabilisticPOR(a;b)=a+b¡ab

strongSTRONG(a;b)=

(
maxfa;bgifminfa;bg=0

1otherwise

HamacherHORγ(x;y)=(a+b¡(2¡°)ab)=(1¡(1¡°)ab);°¸0

YagerYORp(a;b)=minf1;
pp

ap+bpg;p>0

Table1.2Basict-conorms.

Lemma1.2.3LetTbeat-norm.Thenthefollowingstatementholds

WEAK(x;y)·T(x;y)·minfx;yg;8x;y2[0;1]:

Proof.Frommonotonicity,symmetricityandtheextremalconditionweget

T(x;y)·T(x;1)·x;T(x;y)=T(y;x)·T(y;1)·y:

ThismeansthatT(x;y)·minfx;yg.

Lemma1.2.4LetSbeat-conorm.Thenthefollowingstatementholds

maxfa;bg·S(a;b)·STRONG(a;b);8a;b2[0;1]

Proof.Frommonotonicity,symmetricityandtheextremalconditionweget

S(x;y)¸S(x;0)¸x;S(x;y)=S(y;x)¸S(y;0)¸y

ThismeansthatS(x;y)¸maxfx;yg.

Lemma1.2.5T(a;a)=aholdsforanya2[0;1]ifandonlyifTistheminimumnorm.

Proof.IfT(a;b)=MIN(a;b)thenT(a;a)=aholdsobviously.SupposeT(a;a)=afor
anya2[0;1],anda·b·1.Wecanobtainthefollowingexpressionusingmonotonicity
ofT

a=T(a;a)·T(a;b)·minfa;bg:

FromcommutativityofTitfollowsthat

a=T(a;a)·T(b;a)·minfb;ag:

TheseequationsshowthatT(a;b)=minfa;bgforanya;b2[0;1].
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Lemma1.2.6ThedistributivelawofTonthemaxoperatorholdsforanya;b;c2[0;1].

T(maxfa;bg;c)=maxfT(a;c);T(b;c)g:

Theoperationintersectioncanbede¯nedbythehelpoftriangularnorms.

Definition1.2.6(t-norm-basedintersection)LetTbeat-norm.TheT-intersectionof
AandBisde¯nedas

(A\B)(t)=T(A(t);B(t));8t2X:

Example1.2.3LetT(x;y)=maxfx+y¡1;0gbetheÃLukasiewiczt-norm.Thenwe
have

(A\B)(t)=maxfA(t)+B(t)¡1;0g8t2X:

LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:0=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:0=4

B=0:1=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

ThenA\Bhasthefollowingform

A\B=0:0=¡2+0:0=¡1+0:5=0+1:0=1+0:6=2+0:0=3+0:2=4

Theoperationunioncanbede¯nedbythehelpoftriangularconorms.

Definition1.2.7(t-conorm-basedunion)LetSbeat-conorm.TheS-unionofAand
Bisde¯nedas

(A[B)(t)=S(A(t);B(t));8t2X:

Example1.2.4LetS(x;y)=minfx+y;1gbetheÃLukasiewiczt-conorm.Thenwehave

(A[B)(t)=minfA(t)+B(t);1g;8t2X:

LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:0=¡2+0:3=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:0=4

B=0:1=¡2+0:3=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:0=4

ThenA[Bhasthefollowingform

A[B=0:1=¡2+0:6=¡1+1:0=0+1:0=1+1:0=2+0:6=3+0:2=4:

Ingeneral,thelawoftheexcludedmiddleandthenoncontradictionprincipleproperties
arenotsatis¯edbyt-normsandt-conormsde¯ningtheintersectionandunionoperations.
However,theÃLukasiewiczt-normandt-conormdosatisfytheseproperties.

Lemma1.2.7IfT(x;y)=LAND(x;y)=maxfx+y¡1;0gthenthelawofnoncontra-
dictionisvalid.
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Proof.LetAbeafuzzysetinX.Thenfromthede¯nitionoft-norm-basedintersection
weget

(A\:A)(t)=LAND(A(t);1¡A(t))=(A(t)+1¡A(t)¡1)_0=0;8t2X:

Lemma1.2.8IfS(x;y)=LOR(x;y)=minf1;x+ygthenthelawofexcludedmiddle
isvalid.

Proof.LetAbeafuzzysetinX.Thenfromthede¯nitionoft-conorm-basedunionwe
get

(A[:A)(t)=LOR(A(t);1¡A(t))=(A(t)+1¡A(t))^1=1;8t2X:

Exercise1.2.1LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:5=¡2+0:4=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:7=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

Supposethattheirintersectionisde¯nedbytheprobabilistict-normPAND(a;b)=ab.
WhatisthenthemembershipfunctionofA\B?

Exercise1.2.2LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:5=¡2+0:4=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:7=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

Supposethattheirunionisde¯nedbytheprobabilistict-conormPAND(a;b)=a+b¡ab.
WhatisthenthemembershipfunctionofA[B?

Exercise1.2.3LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:7=¡2+0:4=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:2=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

Supposethattheirintersectionisde¯nedbytheHamacher'st-normwith°=0.Whatis
thenthemembershipfunctionofA\B?

Exercise1.2.4LetAandBbefuzzysubsetsofX=f¡2;¡1;0;1;2;3;4g.

A=0:7=¡2+0:4=¡1+0:6=0+1:0=1+0:6=2+0:3=3+0:4=4

B=0:1=¡2+0:2=¡1+0:9=0+1:0=1+1:0=2+0:3=3+0:2=4

Supposethattheirintersectionisde¯nedbytheHamacher'st-conormwith°=0.What
isthenthemembershipfunctionofA[B?

Exercise1.2.5Showthatif°·°0thenHANDγ(x;y)¸HANDγ0(x;y)holdsforall
x;y2[0;1],i.e.thefamilyHANDγismonotondecreasing.
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1.3Fuzzyrelations

Aclassicalrelationcanbeconsideredasasetoftuples,whereatupleisanorderedpair.
Abinarytupleisdenotedby(u;v),anexampleofaternarytupleis(u;v;w)andan
exampleofn-arytupleis(x1;:::;xn).

Definition1.3.1(classicaln-aryrelation)LetX1;:::;Xnbeclassicalsets.Thesubsets
oftheCartesianproductX1£¢¢¢£Xnarecalledn-aryrelations.IfX1=¢¢¢=Xnand
R½X

n
thenRiscalledann-aryrelationinX.

LetRbeabinaryrelationinIR.ThenthecharacteristicfunctionofRisde¯nedas

ÂR(u;v)=

(
1if(u;v)2R

0otherwise

Example1.3.1LetXbethedomainofmenfJohn,Charles,JamesgandYthedomain
ofwomenfDiana,Rita,Evag,thentherelation"marriedto"onX£Yis,forexample

f(Charles,Diana),(John,Eva),(James,Rita)g

Example1.3.2Considerthefollowingrelation(u;v)2Ri®u2[a;b]andv2[0;c]:

ÂR(u;v)=

(
1if(u;v)2[a;b]£[0;c]

0otherwise

Figure1.14Graphofacrisprelation.

LetRbeabinaryrelationinaclassicalsetX.Then

Definition1.3.2(re°exivity)Risre°exiveif8u2U:(u;u)2R

Definition1.3.3(anti-re°exivity)Risanti-re°exiveif8u2U:(u;u)=2R

Definition1.3.4(symmetricity)Rissymmetriciffrom(u;v)2Rthen(v;u)2R

Definition1.3.5(anti-symmetricity)

Risanti-symmetricif(u;v)2Rand(v;u)2Rthenu=v

Definition1.3.6(transitivity)

Ristransitiveif(u;v)2Rand(v;w)2Rthen(u;w)2R;8u;v;w2U
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Example1.3.3ConsidertheclassicalinequalityrelationsonthereallineIR.Itisclear
that·isre°exive,anti-symmetricandtransitive,while<isanti-re°exive,anti-
symmetricandtransitive.

Otherimportantclassesofbinaryrelationsarethefollowing:

Definition1.3.7(equivalence)Risanequivalencerelationif,Risre°exive,symmetric
andtransitive

Definition1.3.8(partialorder)Risapartialorderrelationifitisre°exive,anti-sym-
metricandtransitive

Definition1.3.9(totalorder)Risatotalorderrelationifitispartialorderand(u;v)2
Ror(v;u)2Rholdforanyuandv.

Example1.3.4Letusconsiderthebinaryrelation"subsetof".Itisclearthatitisa
partialorderrelation.Therelation·onnaturalnumbersisatotalorderrelation.

Example1.3.5Considertherelation"mod3"onnaturalnumbers

f(m;n)j(n¡m)mod3´0g

Thisisanequivalencerelation.

Definition1.3.10(fuzzyrelation)LetXandYbenonemptysets.AfuzzyrelationR
isafuzzysubsetofX£Y.Inotherwords,R2F(X£Y).IfX=Ythenwesaythat
RisabinaryfuzzyrelationinX.

LetRbeabinaryfuzzyrelationonIR.ThenR(u;v)isinterpretedasthedegreeof
membershipof(u;v)inR.

Example1.3.6AsimpleexampleofabinaryfuzzyrelationonU=f1;2;3g,called
"approximatelyequal"canbede¯nedas

R(1;1)=R(2;2)=R(3;3)=1;R(1;2)=R(2;1)=R(2;3)=R(3;2)=0:8

R(1;3)=R(3;1)=0:3

ThemembershipfunctionofRisgivenby

R(u;v)=

8
><

>:

1ifu=v

0:8ifju¡vj=1

0:3ifju¡vj=2

Inmatrixnotationitcanberepresentedas

R=

0

B
B
B
B
B
B
@

123

110:80:3

20:810:8

30:30:81

1

C
C
C
C
C
C
A
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Fuzzyrelationsareveryimportantbecausetheycandescribeinteractionsbetweenvari-
ables.LetRandSbetwobinaryfuzzyrelationsonX£Y.

Definition1.3.11(intersection)TheintersectionofRandGisde¯nedby

(R\G)(u;v)=minfR(u;v);G(u;v)g=R(u;v)^G(u;v);(u;v)2X£Y:

NotethatR:X£Y![0;1],i.e.thedomainofRisthewholeCartesianproductX£Y.

Definition1.3.12(union)TheunionofRandSisde¯nedby

(R[G)(u;v)=maxfR(u;v);G(u;v)g=R(u;v)_G(u;v);(u;v)2X£Y:

Example1.3.7Letusde¯netwobinaryrelationsR="xisconsiderablesmallerthan
y"andG="xisveryclosetoy"

R=

0

B
B
B
@

y1y2y3y4

x10:50:10:10:7

x200:800

x30:910:70:8

1

C
C
C
A

G=

0

B
B
B
@

y1y2y3y4

x10:400:90:6

x20:90:40:50:7

x30:300:80:5

1

C
C
C
A

TheintersectionofRandGmeansthat"xisconsiderablesmallerthany"and"xis
veryclosetoy".

(R\G)(x;y)=

0

B
B
B
@

y1y2y3y4

x10:400:10:6

x200:400

x30:300:70:5

1

C
C
C
A

TheunionofRandGmeansthat"xisconsiderablesmallerthany"or"xisveryclose
toy".

(R[G)(x;y)=

0

B
B
B
@

y1y2y3y4

x10:50:10:90:7

x20:90:80:50:7

x30:910:80:8

1

C
C
C
A

ConsideraclassicalrelationRonIR.

R(u;v)=

(
1if(u;v)2[a;b]£[0;c]

0otherwise

Itisclearthattheprojection(orshadow)ofRontheX-axisistheclosedinterval[a;b]
anditsprojectionontheY-axisis[0;c].

Definition1.3.13(projectionofclassicalrelations)

LetRbeaclassicalrelationonX£Y.TheprojectionofRonX,denotedby¦X(R),
isde¯nedas

¦X(R)=fx2Xj9y2Ysuchthat(x;y)2Rg
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similarly,theprojectionofRonY,denotedby¦Y(R),isde¯nedas

¦Y(R)=fy2Yj9x2Xsuchthat(x;y)2Rg

Definition1.3.14(projectionofbinaryfuzzyrelations)

LetRbeabinaryfuzzyrelationonX£Y.TheprojectionofRonXisafuzzysubsetof
X,denotedby¦X(R),de¯nedas

¦X(R)(x)=supfR(x;y)jy2Yg

andtheprojectionofRonYisafuzzysubsetofY,denotedby¦Y(R),de¯nedas

¦Y(R)(y)=supfR(x;y)jx2Xg

IfRis¯xedtheninsteadof¦X(R)(x)wewritesimply¦X(x).

Example1.3.8ConsiderthefuzzyrelationR="xisconsiderablesmallerthany"

R=

0

B
B
B
@

y1y2y3y4

x10:50:10:10:7

x200:800

x30:910:70:8

1

C
C
C
A

thentheprojectiononXmeansthat

²x1isassignedthehighestmembershipdegreefromthetuples(x1;y1),(x1;y2),
(x1;y3),(x1;y4),i.e.¦X(x1)=0:7,whichisthemaximumofthe¯rstrow.

²x2isassignedthehighestmembershipdegreefromthetuples(x2;y1),(x2;y2),
(x2;y3),(x2;y4),i.e.¦X(x2)=0:8,whichisthemaximumofthesecondrow.

²x3isassignedthehighestmembershipdegreefromthetuples(x3;y1),(