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Abstract 

 
The emerging need for Hybrid Intelligent Systems (HIS) is currently motivating important research and development work. The 
integration of different learning and adaptation techniques, to overcome individual limitations and achieve synergetic effects 
through hybridization or fusion of these techniques, has in recent years contributed to a large number of new intelligent system 
designs. Soft Computing (SC) introduced by Lotfi Zadeh [1] is an innovative approach to construct computationally intelligent 
hybrid systems consisting of Artificial Neural Network (ANN), Fuzzy Logic (FL), approximate reasoning and derivative free 
optimization methods such as Genetic Algorithm (GA), Simulated Annealing (SA) and Tabu Search (TS). Most of these 
approaches, however, follow an ad hoc design methodology, further justified by success in certain application domains. Due to 
the lack of a common framework it remains often difficult to compare the various hybrid systems conceptually and evaluate 
their performance comparatively. It has been over a decade since HIS were first applied to solve complicated problems. In this 
paper, we first aim at classifying state--of--the--art intelligent systems, which have evolved over the past decade in the HIS 
community. Some theoretical concepts of ANN, FL and Global Optimization Algorithms (GOA) namely GA, SA and TS are also 
presented. We further attempt to summarize the work that has been done and present the current standing of our vision on HIS 
and future research directions. 
 
1. Introduction 
 
Several adaptive hybrid intelligent systems have in recent years been developed for model expertise, decision support, image and video 
segmentation techniques, process control, mechatronics, robotics and complicated automation tasks etc. Many of these approaches use 
the combination of different knowledge representation schemes, decision making models and learning strategies to solve a 
computational task. This integration aims at overcoming limitations of individual techniques through hybridization or fusion of various 
techniques. These ideas have led to the emergence of several different kinds of intelligent system architectures [61][103][106]. 
 
It is well known that the intelligent systems, which can provide human like expertise such as domain knowledge, uncertain reasoning, 
and adaptation to a noisy and time varying environment, are important in tackling practical computing problems. In contrast with 
conventional Artificial Intelligence (AI) techniques which only deal with precision, certainty and rigor the guiding principle of hybrid 
systems is to exploit the tolerance for imprecision, uncertainty, low solution cost, robustness, partial truth to achieve tractability, and 
better rapport with reality [1]. In general HIS consists of 3 essential paradigms: Artificial neural networks, Fuzzy Logic and Global 
Optimization Algorithms (GOA). Nevertheless, HIS is an open instead of conservative concept. That is, it is evolving those relevant 
techniques together with the important advances in other new computing methods [2]. Table 1 lists the three principal ingredients 
together with their advantages. 
 

Table 1. Hybrid intelligent system basic ingredients 
 

Methodology Advantage 
Artificial Neural Networks Adaptation, Learning and Approximation 
Fuzzy Logic Approximate Reasoning 
Global Optimization Algorithms Derivative Free Optimization 

 
 
To realize a highly intelligent system, a synthesis of various techniques is required. Figure 1 shows the synthesis of ANN, FL and GOA 
and their mutual interaction leading to different architectures. Each technique plays a very important role in the development of HIS. 
Experience has shown that it is crucial for the design of HIS to primarily focus on the integration and interaction of different techniques 
rather than merge different methods to create ever-new techniques. Techniques already well understood, should be applied to solve 
specific domain problems within the system. Their weakness must be addressed by combining them with complementary methods. 
 
ANNs offer a highly structured architecture with learning and generalization capabilities, which attempts to mimic the neurological 
mechanisms of the brain. A Neural Network stores knowledge in a distributive manner within its weights; which have been determined 
by learning with known samples. The generalization ability for new inputs is then based on the inherent algebraic structure of the ANN. 
However it is very hard to incorporate human a priori knowledge into an ANN. This is mainly due to the fact that the connectionist 
paradigm gains most of its strength from a distributed knowledge representation. 
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Figure 1. General framework for hybrid intelligent systems 
 
In Contrast, FL exhibit complementary characteristics, offering a very powerful framework for approximate reasoning as it attempts to 
model the human reasoning process at a cognitive level. Fuzzy Systems (FS) acquires knowledge from domain experts and this is 
encoded within the algorithm in terms of the set of if-then rules. Fuzzy systems employ this rule based approach and interpolative 
reasoning to respond to new inputs. The incorporation and interpretation of knowledge is straight forward, whereas learning and 
adaptation constitute major problems. 
 
Global optimization is the task of finding the absolutely best set of parameters to optimize an objective function. In general, it may be 
possible to have solutions that are locally optimal but not globally optimal. Consequently, global optimization problems are typically 
quite difficult to solve exactly; in the context of combinatorial problems, they are often NP-hard. A wide variety of methods have been 
proposed for solving these problems inexactly, including simulated annealing, genetic algorithms, and Tabu Search. Evolutionary 
Computing (EC) works by simulating evolution on a computer. From an historical point of view, the evolutionary optimization methods 
are divided into three main categories: Genetic Algorithms (GAs), Evolutionary Programming (EP) and Evolution Strategy (ES) [3]. 
These methods are fundamentally iterative generation and alteration processes operating on a set of candidate solutions that form a 
population. The entire population evolves towards better candidate solutions via the selection operation and genetic operators such as 
crossover and mutation. The selection operator decides which candidate solutions move on into the next generation, thus limits the 
search space. 
 
Due to the complementarity of ANNs and FL, the trend in the design of hybrid system is to merge both of them into a more powerful 
integrated system, to overcome their individual weakness [60]. Global optimization algorithms could be useful to formulate an optimal 
combination of ANN and FL. A quick review of the literature shows that several Neuro-Fuzzy (NF) models have been developed [4-
13][16][38-44][46-56][58][62-64][66-108]. A fuzzy neural network makes use of fuzzy rules to change the learning rate of the ANN or 
even by creating a network that works on fuzzy inputs [43] [44]. In a concurrent NF model both ANN and FL work independently 
without any interaction. Contrary, a cooperative NF mode makes use of ANN to determine the parameters of FL system [88][93]. Finally 
in the hybrid approach Fuzzy Inference System (FIS) is merged with an ANN. The topology of the hybrid NF model is very much 
similar to the feedforward ANN, i.e., nodes and layers. In a popular hybrid NF model the node functions are replaced by fuzzy rules and 
connection weights represents the fuzzy sets. Among the various NF models only the hybrid integrated NF model make use of the 
complementarity strength of ANN and FL. As we are the proponent of the integrated hybrid approach, in this review we will concentrate 
only on the various representations of integrated (fused) NF architectures. 
 
2. Models Of Hybrid Systems 
 
We broadly classify the various HIS architectures into 4 different categories based on the systems overall architecture: (1) Stand alone 
Architectures (2) Transformational Architectures (3) Hierarchical Hybrid Architectures and (4) Integrated Hybrid Architectures. The 
following sections discuss each of these strategies and expected uses of the model, and benefits and limitations of the approach. 
 
2.1 Stand Alone Architecture 
 
Stand-alone models of HIS applications consist of independent software components, which do not interact in anyway. Developing 
stand-alone systems can have several purposes. First they provide direct means of comparing the problem solving capabilities of 
different techniques with reference to a certain application [14-15]. Running different techniques in a parallel environment permits a 
loose approximation of integration. Stand-alone models are often used to develop a quick initial prototype, while a more time-consuming 
application is developed. Figure 2 displays a stand-alone system where neural network, fuzzy logic and expert system are being used 
separately. 
 

 
 

Figure 2. Stand �alone architecture 
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Some of the benefits are simplicity and ease of development using commercially available software packages. On the other hand, stand-
alone techniques are not transferable; neither can support the weakness of the other technique. 
 
2.2 Transformational Hybrid Architecture 
 
In a transformational hybrid model the system begins as one type of system and end up as the other [57]. Determining which technique is 
used for development and which is used for delivery is based on the desirable features that the technique offers.  
 
Expert Systems and ANNs have proven to be useful transformational models. Variously, either the expert system is incapable of 
adequately solving the problem, or the speed, adaptability, and robustness of neural network is required. Knowledge from the expert 
system is used to set the initial conditions and training set for ANN. Figure 3 shows the interaction between an ANN and expert system 
in a transformational hybrid model.  
 

 
 

Figure 3. Transformational hybrid architecture 
 

Transformational hybrid models are often quick to develop and ultimately require maintenance on only one system. Models can be 
developed suited to the environment and offer many operational benefits. Unfortunately, transformational models are significantly 
limited. Most of the developed models are just application oriented. For a different application, a totally new development effort might 
be required. A fully automated means of transforming an expert system to ANN and vice versa is required. 
 
2.3  Hierarchical Hybrid Architectures 
 
The architecture is built in a hierarchical fashion, associating a different functionality with each layer. The overall functioning of the 
model will depend on the correct functioning of all the layers [16]. Figure 4 demonstrates a hierarchical hybrid architecture involving an 
ANN, GA and Expert system. ANN uses a GA to optimize its topology and the output is fed directly to an expert system, which then 
creates the desired output. Possible error in one of the layers will directly affect the desired output. 
 

 
 

Figure 4. Hierarchical hybrid architectures 
 

2.4 Integrated Hybrid Architectures  
 
Fused architectures are the first true form of integrated intelligent systems. These models include systems, which combine different 
techniques into one single computational model. They share data structures and knowledge representations. Using ANN and FL, some of 
the major woks in this area are, Adaptive Network based Fuzzy Inference System (ANFIS) [4-5], NEFCON [6], NFCLASS [7], 
NEFPROX [42] FUN [8], SONFIN [9], FINEST [10], FuNN [51], EfuNN [49], dmFuNN [50], and many others [53-54] [58] [63-64]. 
Common to these approaches is their network-like architecture, which is often used, in one way or the other, on a multi-layered fuzzy 
rule base evaluation scheme (fuzzification, premise evaluation, truth value propagation, conclusion aggregation and defuzzification).  
 
Another approach is to put the various techniques on a side-by-side basis and focus on their interaction in the problem-solving task. This 
method might allow integrating alternative techniques and exploiting their mutuality. Further more, the conceptual view of the agent 
allows one to abstract from the individual techniques and focus on the global system behavior, as well as study the individual 
contribution of each component. 
 
Figure 5 shows a new framework based on the rational agent approach to characterize and analyze complex intelligent systems [11]. The 
architecture consists of four components and the environment (problem) on which it acts. The environment consists of the problem task 
and conceptually speaking it is the state vector perceived by the agent through the sensors and influenced by it through its effectors. The 
Performance Element (PE) is the actual controller mapping environment, states to actions. The Learning Element (LE) updates the 
knowledge represented in the PE in order to optimize the agent's performance with respect to an outside performance measure. It has 
access to the environment state, the agent's past actions, and an immediate reinforcement signal indicating the appropriateness of the 
action that last influenced the environment state. Given this information it updates the PE so that in future situations more pertinent 
actions are chosen over less pertinent ones. The critic faces the problem of transforming an external reinforcement signal into an internal 
one. The problem generator is to contribute to the exploration of the problem space in the most efficient way. This framework does not 
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require the use of a specific technique for realizing the individual components. These techniques may be chosen entirely according to 
their strength and according to the application. Table 2 summarizes some of the work done in the area with the components used [12-13]. 
 

 
 

Figure 5. Conceptual learning agent architecture  
 

Table 2. Actual components and techniques used in the conceptual learning agent architecture  
 

Component Technique Used 
Performance Element Fuzzy Rule Based System, Neuro Fuzzy System 
Critic Expert System, ANN trained with TD (λ) rule. 
Learning element Adaptive Reinforcement Algorithm, ANNs. 

 
The benefits of fused architecture include robustness, improved performance and increased problem-solving capabilities. Finally, fully 
integrated models can provide a full range of capabilities such as adaptation, generalization, noise tolerance and justification. Fused 
systems have limitations caused by the increased complexity of the inter module interactions and specifying, designing, and building 
fully integrated models is complex. In this paper we further limit our review to fused architecture based systems. 
 
3. Artificial Neural Networks 
 
The study of Artificial Neural Networks (ANNs) originated in attempts to understand and construct mathematical models for 
neurobiology and cognitive psychology, and their current development continues to shed light in these areas. Although significant 
advance has been achieved in the area of conventional expert systems for mimicking human intelligence, there is still a long way to go 
for the current computational techniques before realizing the capability of carrying out certain man-dependent tasks. 
 

Figure 6. A mammalian nerve cell (neuron)  
 

Human brains provide proof of the existence of ANNs that can succeed at those cognitive, perceptual and control tasks in which humans 
are successful. Rough arguments from neurobiology suggest that the cycle time of an individual human neuron is 10-3seconds (1 
millisecond) for a clock rate of less than 1 KHz. This compares with the current computers operating on a cycle time of 10-9seconds for a 
clock rate of about 1 GHz, a factor more than a million (106). Nevertheless the brain is capable of computationally demanding perceptual 
acts (e.g., recognition of faces, speech) and control activities (e.g. body movements and body functions) that are now only on the horizon 
for computers. The advantage of the brain is its effective use of massive parallelism, the highly parallel computing structure, and the 
imprecise information processing capability. Figure 6 shows the mammalian nerve cell and associated components. The basic processing 
element in the nervous system is the neuron. Tree-like networks of nerve fiber called dendrites are connected to the cell body or soma, 
where the cell nucleus is located. Extending from the cell body is a single long fiber called the axon, which eventually branches into 
strands and sub strands, and are connected to other neurons through synaptic junctions, or synapses. The transmission of signals from 
one neuron to another at synapses is a complex chemical process in which specific transmitter substances are released from the sending 
end of the junction. The effect is to raise or lower the electrical potential inside the body of the receiving cell. If the potential reaches a 
threshold, a pulse is sent down the axon - we then say the cell has "fired". In a simplified mathematical model of the neuron, the effects 
of the synapses are represented by weights that modulate the effect of the associated input signals, and the nonlinear characteristic 
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exhibited by neurons is represented by a transfer function, which is usually the sigmoid, gaussian, trigonometric functions etc. The 
neuron impulse is then computed as the weighted sum of the input signals, transformed by the transfer function. The learning capability 
of an artificial neuron is achieved by adjusting the weights in accordance to the chosen learning algorithm.  
 
ANNs have been developed as generalizations of mathematical models of biological nervous systems. They have the advantageous 
capabilities of learning from training data, recalling memorized information, and generalizing to the unseen patterns. These capabilities 
do show great potential in such application areas as prediction [14], classification [15], control engineering [17], signal processing [18], 
and pattern recognition [19]. There are multitudes of different types of ANNs. Some of the more popular include the multilayer 
perceptron which is generally trained with the backpropagation of error algorithm, learning vector quantization, radial basis function, 
Hopfield, and Kohonen, to name a few. Some ANNs are classified as feedforward while others are recurrent (i.e., implement feedback) 
depending on how data is processed through the network. Another way of classifying ANN types is by their method of learning (or 
training), as some ANNs employ supervised training while others are referred to as unsupervised or self-organizing. Supervised training 
is analogous to a student guided by an instructor. Unsupervised algorithms essentially perform clustering of the data into similar groups 
based on the measured attributes or features serving as inputs to the algorithms.  
 
ANNs are characterized by the network architecture, the connection strength between pairs of neurons (weights), node properties, and 
updating rules. The updating or learning rules control weights and/or states of the processing elements (neurons). Normally, an objective 
function is defined that represents the complete status of the network, and its set of minima corresponds to different stable states of the 
network. It can learn by adapting its weights to changes in the surrounding environment, can handle imprecise information, and 
generalise from known tasks to unknown ones. Each neuron is an elementary processor with primitive operations, like summing the 
weighted inputs coming to it and then amplifying or thresholding the sum. Parallel implementations of ANNs offer an attractive way of 
speeding up both the learning and recall phases [20]. Parallel mapping of ANN models have been implemented on various hardware 
platforms and processor topologies for different ANN architectures. 
 
There are all together more than one hundred ANN architectures and algorithms proposed by people from varying standpoints. However 
the most widely used ANNs are a few. We only present the Back Propagation (BP) Neural Network, which is widely used in HIS. 
 
3.1 Back Propagation Neural Network 
 

The simple perceptron is just able to handle linearly separable or linearly independent problems. For those non-linear problems (e.g. 
XOR), it is, however required that the network should have an appropriate intermediate representation of the input patterns by 
introducing nonlinear hidden layers. Back-Propagation Neural Network (BPNN) utilizes the delta rule for the learning process [21]. 
Backpropagation is an abbreviation for the backwards propagation of error. With the delta rule, as with other types of backpropagation, 
learning is a supervised process that occurs with each cycle or epoch (i.e. each time the network is presented with a new input pattern) 
through a forward activation flow of outputs, and the backwards error propagation of weight adjustments. More simply, when a neural 
network is initially presented with a pattern it makes a random "guess" as to what it might be. It then sees how far its answer was from 
the actual one and makes an appropriate adjustment to its connection weights.  

 
 

Figure 7. Typical three-layer feedforward network architecture 
 

The network is initially randomized to avoid imposing any of our own prejudices about an application on the network. The training 
patterns can be thought of as a set of ordered pairs {(x 1, y 1), (x 2, y 2), � , (xP, yP)} where x i represents an input pattern and y i 
represents the output pattern vector associated with the input vector x i. The process of training the network then proceeds according to 
the following algorithm, which is derived as a natural result of finding the gradient of the error surface (in weight space) of the actual 
output produced by the network with respect to the desired result [22]. 
 
1. Select the first training vector pair from the training pair vectors. Call this the vector pair (x,y). 
2. Use the input vector x, as the out put from the input layer of processing elements. 
3. Compute the activation to each unit on the subsequent layer. 
4. Apply the appropriate activation function, which we denote as f(neth) for the hidden layer and as f(net0) for the output layer, to 

each unit on the subsequent layer. 
5. Repeat steps 3 and 4 for each layer in the network. 

6. Compute the error, o
pkδ , for this pattern p across all K output layer units by using the formula: )()( o

kkk
o
pk netfoy ′−=δ  
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7. Compute the error h
pjδ , for all J hidden layer units by using the recursive formula. �′=
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1
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8. Update the connection weight values to the hidden layer by using the equation: i
h
pjjiji xtwtw ηδ+=+ )()1( . Where η is a 

small value used to limit the amount of change allowed to any connection during a single pattern training cycle. 
 

9. Update the connection weight values to the output layer by using the equation: )()()1( h
j

o
pkkjkj netftwtw ηδ+=+ . 

 
10. Repeat steps 2 to 9 for all vector pairs in the training set. Call this one training epoch. 
 
Steps 1 to 10 are to be repeated for as many epochs as it takes to reduce the sum of squared error to a minimal value according to the 

formula �
=

�
=

=
K

k
o
pk

P

p
E

1
2)(

1
δ           (1) 

 
Figure 7 shows a typical L-layer feed-forward network (the input nodes are not counted as a layer) consists of an input layer, (L-1) 
hidden layers, and an output layer of nodes successively connected in a feed-forward fashion with no connections between neurons in 
the same layer. It has been proved that BPNN with sufficient hidden layers can approximate any nonlinear function to arbitrary accuracy. 
This makes BPNN a good candidate for signal prediction, forecasting and system modeling systems. In the batched mode variant the 
descent is based on the gradient E∇  for the total training set [23].  
 

1)(n∆wα*
δw
δEε*(n)∆w ij

ij
ij −+−=          (2) 

 
ε and α are the learning rate and momentum respectively. A good choice of both the parameters are required for training success and 
speed of the ANN. BP often gets stuck in a local minimum mainly because of the random initialization of weights. For some initial 
weight settings, BP may not be able to reach global minimum of weight space, while for other initializations the same network is able to 
reach a optimal minimum. BP usually generalizes quite well, but sometimes it does not. Generalization can be compared to interpolation 
in mathematics and when an ANN fails to learn it is often referred as �over training�. This usually happens when the ANN is trained for 
a very long time for a particular task. The ANN initially learns to detect the global features of the input and as a consequence generalizes 
very well. But after prolonged training the network will start to recognize individual input/output pair rather than settling for weights that 
generally describe the mapping for the whole training set. Conventional ANNs are not able to learn many problems at one time. The 
different problems seem to be in each other's way: if one of the problems is represented in the weights of the network the other problem 
is forgotten and vice versa. 
 
An optimal design of an ANN can only be achieved by the adaptive evolution of connection weights, architecture and learning rules that 
progress on different time scales [24] [25]. Figure 8 illustrates the general interaction mechanism with the architecture of the ANN 
evolving at the highest level on the slowest time scale. 

 

 
 

Figure 8 Interaction of evolutionary search mechanisms for the formation of a optimal neural network 
 

For every architecture, there is the evolution of learning rules, which proceeds on a faster time scale in an environment decided by the 
architecture. For each learning rule, evolution of connection weights proceeds at a faster time scale in an environment decided by the 
problem, the learning rule and the architecture. Hierarchy of the architecture and learning rules rely on the prior knowledge. If there is 
more prior knowledge about the learning rules than the architecture then it is better to implement the learning rule at a higher level.  

 
4. Fuzzy Logic 
 
Zadeh [1] introduced the concept of Fuzzy Logic (FL) to present vagueness in linguistics, and further implement and express human 
knowledge and inference capability in a natural way [26]. Figure 9 shows a basic configuration of a fuzzy logic system. They are a 
fuzzification interface, a fuzzy rule base (knowledge base), an inference engine (decision-making logic), and a defuzzification interface. 
The following section summarizes basic concepts and notations of fuzzy set theory and fuzzy logic, which will be required to understand 
the complete literature. 
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Figure 9. Basic architecture of a fuzzy logic system 
 
Let X be a space of objects and x be a generic element of X. A classical set A is defined as a collection of elements or objects x є X, such 
that each x can either belong to or not belong to the set A, A ⊑ X. By defining a characteristic function (or membership function) on 
each element x in X, a classical set A can be represented by a set of ordered pairs (x,0) or (x,1), where 1 indicates membership and 0 
non-membership. Unlike Conventional set mentioned above fuzzy set expresses the degree to which an element belong to a set. Hence 
the characteristic function of a fuzzy set is allowed to have value between 0 and 1, denoting the degree of membership of an element in a 
given set. If X is a collection of objects denoted generically by x, then a fuzzy set A in X is defined as a set of ordered pairs: 
 
A= {(x, µA (x)) │x є X}            (3) 
 
µA (x) is called the Membership Function (MF) of linguistic variable x in A, which maps X to the membership space M, M= [0,1], where 
M contains only two points 0 and 1, A is non-fuzzy (crisp) and µA is identical to the characteristic function of a crisp set. 
 
Fuzzification is necessary in the fuzzy logic scheme, because the observed input data from the existing sensors is always crisp and 
numerical, while the inference engine can only deal with linguistic values. Generally there are 3 ways for the fuzzification operation. 
The first approach is to convert a crisp value into a fuzzy singleton within the specified universe. In fact, a fuzzy singleton is a precise 
value, and therefore no fuzziness is introduced at this stage. The second method copes with the case of random noise disturbed input 
data. The fuzzification operator will convert the probabilistic data into fuzzy numbers. Thus the computational efficiency of fuzzy 
reasoning is improved, since fuzzy numbers are easy to manipulate rather than random variables. The third approach is a hybrid scheme 
incorporating both certainty (fuzzy numbers) and randomness (random numbers) combining the advantages of both the above schemes. 
 
The fuzzy rule base is characterized in the form of if-then rules in which preconditions and consequents involve linguistic variables. The 
collection of these fuzzy rules forms the rule base for the fuzzy logic system. Due to their concise form, fuzzy if-then rules are often 
employed to capture the imprecise modes of reasoning that play an essential role in the human ability to make decisions in an 
environment of uncertainty and imprecision. Most fuzzy systems employ the inference method proposed by Mamdani [110] in which the 
rule consequence is defined by fuzzy sets and has the following structure: 
 

k
NN

kk
NN

k
YYxx

BisyBisythenAisxandAisxif ,...,... 1111         (4) 

 
Takagi, Sugeno and Kang (TSK) [109] proposed an inference scheme in which the conclusion of a fuzzy rule is constituted by a 
weighted linear combination of the crisp inputs rather than a fuzzy set. 
 

),....,(),....,,....,(........ 1,1,11,,11 XYYXXX NkNNNkkNNk xxfyxxfythenAisxandandAisxif ==     (5) 

 
TSK fuzzy controller usually needs a smaller number of rules, because their output is already a linear function of the inputs rather than a 
constant fuzzy set. The fuzzy rule base is usually constructed manually or by automatic adaptation by some learning techniques as used 
in neuro-fuzzy systems. There exist four modes of obtaining fuzzy rules for the knowledge base. 
 
1. From expert experience. 
2. Based on a skilled operator's action on a real time task. 
3. Fuzzy model of the process to be monitored. 
4. Self-organizing fuzzy controller. 
 
It is typically advantageous if the fuzzy rule base is adaptive to a certain application. The self-organizing fuzzy controller [27] is a good 
example to demonstrate the characteristics of this approach. Adapting fuzzy rule base using neural network learning mechanism is 
another technique [28]. 
 
4.1  Fuzzy inference methods 
 
Compositional operation consists of two phases: a combination and a projection phase. Aggregation is the combining of fuzzy relations, 
representing fuzzy rules, into a single fuzzy relation. There are 4 different methods for the fuzzy rules inference. They are Max-min 
operation [26], Max-product inference [29], Sum-product or sum-dot method [30] and Max drastic product operation [30]. In the 
following section we will discuss the first method. 
 
Max-min operation is based on choosing a min operator for the conjunction in the premise of the rule as well as for the implication 
function and the max operator for the aggregation. The application of the compositional rule of inference results in: 
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nimplicatio

naggregatio

kB µβµ =�          (6) 

Max product inference [29] method is another commonly applied inference method in fuzzy control. The max-product is also known as 

max-dot method. This inference method is characterized by scaling (product) the consequent kB of a fuzzy rule kr with the degree of 

fulfillment kβ of that rule and aggregating these results �

kB to obtain the fuzzy controller output by means of a max operator: 
 

�

))(*max)( yy
kB

nimplicatio

k

naggregatio

kB µβµ =� ; where" * " represents multiplication.     (7) 

 
The defuzzification interface is a mapping from a space of fuzzy actions defined over an output universe of disclosure into a space of 
non-fuzzy actions, because the output from the inference engine is usually a fuzzy set while for most practical applications crisp values 
are often required. The three commonly applied defuzzification techniques are, max-criterion, center-of-gravity and the mean- of- 
maxima. The max-criterion is the simplest of these three to implement. It produces the point at which the possibility distribution of the 
action reaches a maximum value. 
 

 
 

 
Figure 10. Fuzzy inferencing system using the max-min method.(a) , (b) and (c) illustrates a fuzzy if-then rule (r1) and (d), (e) and (f) 

illustrates a fuzzy if-then rule (r2). The rules r1 and r2 are then aggregated using the max-min method to obtain the final output (g). 
 

 
 

(a)                                                      (b) 
 

Figure 11. Center-of-gravity defuzzification method (a) continuous and (b) discrete 
 

The Center-Of-Gravity (COG) is an averaging technique. The difference is that the (point) masses are replaced by the membership 
values. This method is often called the center of area defuzzification method in the case of 1-dimensional fuzzy sets. In a continuous 
form the COG is defined by: 
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and the discrete form is defined by: 
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Where Nq is the number of quantization used to discretize membership function )(yB�µ   of fuzzy output B°. Figure 11 illustrates the 
COG defuzzification method for a continuous and discrete defuzzification process. 
 
Mean-Of-Maxima (MOM) strategy generates the crisp action that represents the mean value of all local actions, whose membership 
functions reach the maximum. It can be expressed as follows: 

�=
=

m

j s

s
j

m

z
BMOM

1
)( �            (10) 

 
 

Figure 12. Mean-of�maxima defuzzification method 
 

Where s
jz  is the support value at which the membership function reaches the maximum value of  )( jB zµ and  sm is the number of 

such support values. Figure 12 illustrates the mean-of�maxima defuzzification method. Mean-of-maxima method can achieve a better 
transient performance while the COG leads to a better steady state performance. 
 
4.2 Evolutionary Fuzzy Control Systems 
 
Several research works are going on exploring the integration of evolutionary algorithms with fuzzy logic [113-118]. Majority of the 
work are concerned with the automatic design or optimization of fuzzy logic controllers either by adapting the fuzzy membership 
functions [118] or by learning the fuzzy if-then rules [113-114][116-117][121]. The first method results in a self-tuning controller in 
which a GA adapts the fuzzy membership functions. The genome encodes parameters such as center and width of trapezoidal, triangle or 
Gaussian membership functions. This approach requires a previously defined rule base and is primarily useful in order to optimize the 
performance of an already existing controller.  
 

 
 

Figure 13. Example showing how the 2 dimensional space is partitioned using 3 trapezoidal membership functions per input dimension 
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The second approach is based on a self-organizing process that learns the appropriate relationship between control input and output 
starting without any previous knowledge about the rules. The size of the genotype depends on the number of input variables and fuzzy 
sets. Referring to Figure 13, a Mamdani or TSK rule may be formed as: 
 
If input-1 is medium and input 2 is large then rule R8 is fired. 

 

 
 

Figure 14. Adaptive fuzzy control system architecture 
 

A conventional fuzzy controller makes use of a model of the expert who is in a position to specify the most important properties of the 
process [119-120]. Figure 14 shows the architecture of the adaptive fuzzy control system architecture wherein the fuzzy membership 
functions and the rule bases are optimized using a global search procedure. An optimal design of an adaptive fuzzy control system can 
only be achieved by the adaptive evolution of membership functions and learning rules which progress on different time scales. Figure 
15 illustrates the general interaction mechanism with the global search of fuzzy rules evolving at the highest level on the slowest time 
scale. For each fuzzy rule base, global search of membership functions proceeds at a faster time scale in an environment decided by the 
problem [122]. 
 

  
 

Figure 15. Interaction of evolutionary search mechanisms in the design of optimal adaptive fuzzy control system. 
 
Automatic adaptation of membership functions is popularly known as self tuning and the genome encodes parameters of trapezoidal, 
triangle, logistic, Laplace, hyperbolic-tangent, Gaussian membership functions etc. 
 
Global search of fuzzy rules can be carried out using two approaches. In the first approach the fuzzy knowledge base is adapted as a 
result of antagonistic roles of competition and cooperation of fuzzy rules. Each genotype represents a single fuzzy rule and the entire 
population represents a solution. A classifier rule triggers whenever its condition part matches the current input, in which case the 
proposed action is send to the process to be controlled. The global search algorithm will generate new classifier rules based on the rule 
strengths acquired during the entire process. The fuzzy behavior is created by an activation sequence of mutually collaborating fuzzy 
rules. The entire knowledge base is build up by a cooperation of competing multiple fuzzy rules. The second approach evolves a 
population of knowledge bases rather than individual fuzzy rules. The disadvantage is the increased complexity of search space and 
additional computational burden especially for online learning. 
 
5. Global Optimization Techniques 
 
Global optimization problems fall within the broader class of nonlinear programming (NLP). In the following sections we discuss three 
popular nature's heuristic methods namely genetic algorithms, simulated annealing and tabu search, which have been successfully 
applied to hybrid systems to find approximate solutions [111]. 
 
5.1  Genetic Algorithms 

Genetic algorithms are adaptive methods, which may be used to solve search and optimization problems, based on the genetic processes 
of biological organisms. Over many generations, natural populations evolve according to the principles of natural selection and "Survival 
of the Fittest", first clearly stated by Charles Darwin in "The Origin of Species". By mimicking this process, genetic algorithms are able 
to "evolve" solutions to real world problems, if they have been suitably encoded [31]. 

GAs deal with parameters of finite length, which are coded using a finite alphabet, rather than directly manipulating the parameters 
themselves. This means that the search is unconstrained neither by the continuity of the function under investigation, nor the existence of 
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a derivative function. Figure 16 depicts the functional block diagram of a GA and the various aspects are discussed below. It is assumed 
that a potential solution to a problem may be represented as a set of parameters. These parameters (known as genes) are joined together 
to form a string of values (known as a chromosome). A gene (also referred to a feature, character or detector) refers to a specific attribute 
that is encoded in the chromosome. The particular values the genes can take are called its alleles. The position of the gene in the 
chromosome is its locus.  

Encoding issues deal with representing a solution in a chromosome and unfortunately, no one technique works best for all problems. A 
fitness function must be devised for each problem to be solved. Given a particular chromosome, the fitness function returns a single 
numerical fitness or figure of merit, which will determine the ability of the individual, which that chromosome represents. Reproduction 
is the second critical attribute of GAs where two individuals selected from the population are allowed to mate to produce offspring, 
which will comprise the next generation. Having selected two parents, their chromosomes are recombined, typically using the 
mechanisms of crossover and mutation.  
 

 
 

Figure 16. Flow chart of genetic algorithm iteration 
 

There are many ways in which crossover can be implemented. In a single point crossover (Figure 17), two chromosome strings are cut at 
some randomly chosen position, to produce two �head� segments, and two �tail� segments. The tail segments are then swapped over to 
produce two new full-length chromosomes. Crossover is not usually applied to all pairs of individuals selected for mating. A random 
choice is made, where the likelihood of crossover being applied is typically between 0.6 and 1.0. 

 
 
 
 
 

Figure 17. A single point crossover operation 
 
Another genetic operation is mutation, which is an asexual operation that only operates on one individual. It randomly alters each gene 
with a small probability. Traditional view is that crossover is the more important of the two techniques for rapidly exploring a search 
space. Mutation provides a small amount of random search, and helps ensure that no point in the search space has a zero probability of 
being examined. If the GA has been correctly implemented, the population will evolve over successive generations so that the fitness of 
the best and the average individual in each generation increases towards the global optimum. 
 

Selection is the survival of the fittest within GAs. It determines which individuals are to survive to the next generation. The selection 
phase consists of three parts. The first part involves determination of the individual�s fitness by the fitness function. A fitness function 
must be devised for each problem; given a particular chromosome, the fitness function returns a single numerical fitness value, which is 
proportional to the ability, or utility, of the individual represented by that chromosome. For many problems, deciding upon the fitness 
function is very straightforward, for example, for a function optimization search; the fitness is simply the value of the function. 
However, there are cases where there may be many performance measures to optimize; in a bridge design task, we may need to optimize 
a combination of strength/weight ratio, span, width, maximum load, cost, and construction time. Ideally, the fitness function should be 
smooth and regular so that chromosomes with reasonable fitness are close in the search space, to chromosomes with slightly better 
fitness. However, it is not always possible to construct such ideal fitness functions. For any type of search to be successful the fitness 
function must not have too many local maxima nor a very isolated global maximum. The second part involves converting the fitness 
function into an expected value followed by the last part where the expected value is then converted to a discrete number of offspring. 
Some of the commonly used selection techniques are roulette wheel, genetic annealing and stochastic universal sampling. 

 
Even though GAs have found themselves applicable in solving many real world problems, sometimes, the amount of time spend to 
achieve a successful application is too long. In extreme cases, GAs may perform poorly when hampered by interference from mutation 
and genetic drift. Some of the techniques to overcome such difficulties are discussed below: 

 
1. Sharing allows the simultaneous exploration of many local maximas, rather than a single peak. This algorithm does not emphasize 

having copies of one superior individual. It maintains copies of many varying relatively superior schemata. The number of these 
copied schemata depends upon their relative values.  

 
2. Crowding slows the convergence rate of genetic algorithms. Each (produced) child replaces one individual in the population. The 

probability of replacement increases when the individual contains similar alleles. The most effective technique combines a small 
generation gap (indicating the fraction of the population that has been changed with each generation) with a small amount of 
crowding which decreases duplicate genetic material (leading to a diverse population). 

 
3. Elitism is used to keep the best individual identified thus far, maintaining the most superior individuals in the population. The most 

superior schemata are maintained since the maximal element replaces the minimal element during each generation. This method 
increases the rate of convergence of the genetic algorithm. 

 

0 0 0 0 0 0 0 0  0 0 0 1 1 1 1 1
   x              
1 1 1 1 1 1 1 1  1 1 1 0 0 0 0 0
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4. Parallel genetic algorithms perform standard genetic algorithm selection and mating on various sub-populations to achieve global 
optimization in the entire population. These sub-populations are concurrently evaluated, as separate genetic algorithms, and 
propagated through generations. Individuals have a small probability of migration between sub-populations. Superior schemata 
will dominate all (or many) of the sub-populations if they are superior to schema in other sub-populations. 

 
Sharing and crowding may be used to decrease the amount of duplicate schemata in the population, thus preventing premature 
convergence. Elitism may be incorporated to keep the most superior individuals (and superior schemata) within the population. Parallel 
genetic algorithms [32] use the convergence of its sub-populations to superior schemata(s) of low order and, then, propagation of 
individuals between sub-populations to achieve global optimization. 
 

5.2 Simulated Annealing 
As its name implies, the Simulated Annealing (SA) exploits an analogy between the way in which a metal cools and freezes into a 
minimum energy crystalline structure (the annealing process) and the search for a minimum in a more general system. The algorithm 
[33] was originally proposed as a means of finding the equilibrium configuration of a collection of atoms at a given temperature. SA's 
major advantage over other methods is its ability to avoid becoming trapped at local minima. Figure 18 shows a Flowchart of a SA 
iteration.  
 

  
  

Figure 18. Flow chart of simulated annealing iteration 

 
The algorithm employs a random search, which not only accepts changes that decrease objective function f, but also some changes that 

increase it. The latter are accepted with a probability �
�

�
�
�

�−= T
fp δexp , where fδ  is the increase in objective function, and f and T are 

control parameters. Several SAs have been developed with annealing schedule inversely linear in time (Fast SA), exponential function of 
time (Very Fast SA), etc. We explain an SA algorithm, which is exponentially faster than the Very Fast SA [34] whose annealing 

schedule is given by 
)exp(
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TkT = , where 0T is the initial temperature, )(kT  is the temperature we wish to approach to zero for 
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Representing the generation function of the simulated annealing algorithm as: 
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where )(kTi is the temperature in dimension i at time k and D is the dimension of the state space. 
 
The generation probability will be given by  
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It is straightforward to prove that for an annealing schedule 

))exp(exp()( /1
0

D
iii kbTkT −=                     (14) 

 
a global minimum (statistically) can be obtained. That is,  
 

�
∞

=
∞=

okk
kg                         (15) 

where bi>0 is a constant parameter and k0 is a sufficiently large constant to satisfy (15). 
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5.3 Tabu Search 
Tabu Search (TS) is a meta-strategy for guiding known heuristics to overcome local optimality and has now become an established 
optimization approach that is rapidly spreading to many new fields [35]. The method can be viewed as an iterative technique which 
explores a set of problem solutions, denoted by X, by repeatedly making moves from one solution s to another solution s′ located in the 
neighborhood N(s) of s. These moves are performed with the aim of efficiently reaching optimal solution by the evaluation of some 
objective function f(s) to be minimized. In the sequel we sketch the basic ingredients of TS [112].  

Initialization 
Generate a random solution s in X; 

iteration counter (iteration)= 0; 
bestiteration =0 [for tracking the best iteration ]; 
Set tabu list (T=0); 
Initialize the aspiration function A(f); 

Begin loop 
while (iteration-bestiteration < nmax) do; 
iteration= iteration+1; 

generate a set of feasible V* solutions ii mss ⊕= ,such that Tmi ∉  
or f(si) < A(f(s)); 
choose the best solution s′   in V*;  
update tabu list T and A(f); 
If (f(s′  ) < f(s*)) then 
s*=s′   
bestiteration=iteration; 
s=s′   

end loop when number of iterations has reached nmax. 
 

Figure 19. Tabu search algorithm 

Let us define the notion of neighborhood N(s) for each solution s in X. By definition N(s) is a set of solutions in X reachable from s via a 
slight modification m.  

N(s) = {s′ ∈  X │s′ = s ⊕ m, m ∈  M}          (1.16) 

Where M contains all possible modifications and s′ =s ⊕ m is obtained by applying modification m to s. TS starts from an initial 
solution randomly generated in X and moves repeatedly from a solution to a neighbor. At each step of the procedure, a subset V* of the 

neighborhood of the current solution s is generated and the local optimization problem })()({ * sNVxxf min ⊆∈  is solved. In 

order to escape from local minima, the idea is to move to the best neighbor s′ in V* even if f(s′) > f(s). Following a steepest descent / 
mildest ascent approach, a move may result in a best possible improvement (or a least possible deterioration) of the objective function 
value. Without additional control, however, such a process can cause a locally optimal solution to be re-visited immediately after moving 
to a neighbor, or in a future stage of the search process. To prevent the search from endlessly cycling between the same solutions, a tabu 
list T is introduced. This list keeps track of the reverses of the last │T│ modifications that have been done enacted during the search 
process. A move from s to s′ will be considered tabu if it is performed via a modification contained in T. However the concept of tabu 
list sometimes appears to be restrictive. Since only parts of the neighborhood are explored, it might be worth returning after a while to a 
solution visited previously to search in another direction. An aspiration function A deals precisely with the rigidity of the tabu list. It 
permits the tabu status of a move to be dropped under certain favorable circumstances. 

We define an aspiration level A(z) for each value z of the objective function. Then a tabu move from s to s′ is permitted if f(s′)<A(f(s)). 
Initially A(z)=z , for all possible values of z=f(s). This aspiration function is updated as follows whenever we move from s to s′. 

A(f(s))=min(A(f(s)),f(s′)) and A(f(s′))=min(A(f(s′)),f(s))        (17) 

The above shows that the reverse move from s′ to s is considered in the updating of A even though it was not done explicitly. Generally 
the process is stopped as soon as a given number of iterations have been performed without improving the best solution obtained. 
 
6. Neuro-Fuzzy Systems 
 
A Fuzzy Inference System (FIS) [59] can utilize human expertise by storing its essential components in rule base and database, and 
perform fuzzy reasoning to infer the overall output value. The derivation of if-then rules and corresponding membership functions 
depends heavily on the a priori knowledge about the system under consideration. However there is no systematic way to transform 
experiences of knowledge of human experts to the knowledge base of a FIS. There is also a need for adaptability or some learning 
algorithms to produce outputs within the required error rate. On the other hand, ANN learning mechanism does not rely on human 
expertise. Due to the homogenous structure of ANN, it is hard to extract structured knowledge from either the weights or the 
configuration of the ANN. The weights of the ANN represent the coefficients of the hyper-plane that partition the input space into two 
regions with different output values. If we can visualize this hyper-plane structure from the training data then the subsequent learning 
procedures in an ANN can be reduced. However, in reality, the a priori knowledge is usually obtained from human experts and it is most 
appropriate to express the knowledge as a set of fuzzy if-then rules and it is not possible to encode into an ANN. Table 3 summarizes the 
comparison of FIS and ANN. 
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Table 3. Complementary features of neural network and fuzzy inference system 
 

Artificial Neural Network Fuzzy Inference System 
Black box Interpretable 
Learning from scratch Making use of linguistic knowledge 

 
To a large extent, the drawbacks pertaining to these two approaches seem complementary. Therefore it seems natural to consider 
building an integrated system combining the concepts of FIS and ANN modeling. A common way to apply a learning algorithm to a 
fuzzy system is to represent it in a special ANN like architecture. However the conventional ANN learning algorithms (gradient descent) 
cannot be applied directly to such a system as the functions used in the inference process are usually non differentiable. This problem 
can be tackled by using differentiable functions in the inference system or by not using the standard neural learning algorithm.  
 
In the following sections we briefly discuss the different integrated neuro-fuzzy models that make use of the complementarities of ANNs 
and FIS to form a better system.  
 
6.1 Adaptive Network Based Fuzzy Inference System  
 
Adaptive Network Based Fuzzy Inference System (ANFIS) [4-5] [52] [55] perhaps the first integrated hybrid neuro-fuzzy model. ANFIS 
structure is capable of implementing the following fuzzy rules: 
 
Type 1: The overall output is the weighted average of each rule�s crisp output induced by the rule�s firing strength (the product or 
minimum of the degrees of match with the premise part) and output membership functions (Figure 20). The output membership 
functions used in this scheme must be monotonically non-decreasing [36]. 
 
Type 3: According to Takagi and Sugeno�s fuzzy if-then rules, the output of each rule is a linear combination of input variables plus a 
constant term, and the final output is the weighted average of each rules output (Figure 21) [37]. 
 
Figures 22 and 23 illustrate the layered architectures of ANFIS-type 3 and type 1 implementation respectively. The architecture of the 
ANFIS - type 3 is composed of 5 layers and the functionality of each layer is as follows: 
 

 
 

Figure 20. Type 1 fuzzy reasoning 
 

 
 

Figure 21. Type 3 fuzzy reasoning 
 

 
 

Figure.22. Architecture of the ANFIS - type 3 fuzzy rule implementation 
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Figure 23. Architecture of ANFIS- type 1 implementation 
 

Layer-1 Every node in this layer has a node function )(1 xO
iAi µ= . Usually the node function is the bell shaped or the Gaussian with 

maximum equal to 1 and minimum equal to 0. Parameters in this layer are referred to premise parameters. 
 
Layer-2 Every node in this layer multiplies the incoming signals and sends the product out. Each node output represents the firing 

strength of a rule. ......2,1),()( == iyxxw
ii BAi µµ . 

 
Layer-3 Every i-th node in this layer calculates the ratio of the i-th rule�s firing strength to the sum of all rules firing strength. 
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{ }iii rqp ,, is the parameter set. Parameters in this layer will be referred to as consequent parameters. 
 
Layer-5 The single node in this layer labeled Σ computes the overall output as the summation of all incoming signals: 
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ANFIS makes use of a mixture of back propagation to learn the membership functions and least mean square estimation to determine the 
coefficients of the linear combinations in the rule�s conclusions. A step in the learning procedure has two parts: In the first part the input 
patterns are propagated, and the optimal conclusion parameters are estimated by an iterative least mean square procedure, while the 
antecedent parameters (membership functions) are assumed to be fixed for the current cycle through the training set. In the second part 
the patterns are propagated again, and in this epoch, back propagation is used to modify the antecedent parameters, while the conclusion 
parameters remain fixed. This procedure is then iterated. 

  
6.1.1 ANFIS hybrid learning rule  

 
ANFIS uses a hybrid learning rule with a combination of gradient descent and least squares estimate [5]. Assuming a single output 

ANFIS represented by ),( SIFoutput = , where I is the set of input variables and S is the set of parameters, if there exist a function H 
such that the composite function H ○ F is linear in some of the elements of S, then these elements can be identified by the least squares 
method. More formally the parameter set S can be decomposed into two sets: 
 

21 SSS ⊕=  (where ⊕  represents direct sum),       (18) 
 
such that H ○ F is linear in the elements of 2S . Then upon applying H to equation (18), we have: 

),()( SIFHoutputH �=         (19) 
 
which is linear in the elements of 2S . Now the given values of elements of 1S , we can plug P training data into equation (19), and 
obtain a matrix equation: 
 
AX=B (X = unknown vector whose elements are parameters in 2S )     (20) 
 
If 2S =M, (M= number of linear parameters) then the dimensions of A, X and B are P ×  M, M ×  1 and P ×  1 respectively. Since P is 
always greater than M, there is no exact solution to equation (20). Instead a Least Square Estimate (LSE) of X, X*, is sought to minimize 

the squared error 2BAX − . X* is computed using the pseudo-inverse of X: 
 

BAAAX TT 1* )( −=          (21) 
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where TA  is the transpose of A and TT AAA 1)( − is the pseudo-inverse of A where AAT  is non-singular. Due to computational 
complexity, in ANFIS a sequential method is deployed as follows: 
 
Let the i-th row vector of matrix A defined in equation (20) be T

ia and i-th element of matrix B defined be T
ib , then X can be calculated 

iteratively using the following sequential formulae: 
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Where iS  is often called the covariance matrix and the least squares estimate X* is equal to XP. The initial condition to bootstrap 
equation (22) are XO=0 and SO=γI, where γ is a positive large number and I is the identity matrix of dimension M x M. For a multi output 

ANFIS equation (1.22) is still applicable except the ),( SIFoutput = will become a column vector. Each epoch of this hybrid learning 
procedure is composed of a forward pass and a backward pass. In the forward pass, we supply input data and functional signals go 
forward to calculate each node output until the matrices A and B in equation (20) are obtained, and the parameters in 2S  are identified 

by the sequential least squares formulae given in (22). After identifying parameters in 2S , the functional signals keep going forward till 
the error measure is calculated. In the backward pass, the error rates propagate from the output layer to the input layers, and the 
parameters in 1S  are updated by the gradient method given in (23). The gradient 
 

α
ηα

∂
∂−=∆ E

         (23) 

 
where α  is the generic parameter, η  is a learning rate and E the error measure. For given fixed values of parameters in 1S , the 

parameters in 2S  thus found are guaranteed to be the global optimum point in the 2S  parameter space due to the choice of the squared 
error measure. 
 
The procedure mentioned above is mainly for offline learning version. However the procedure can be modified for an online version by 
formulating the squared error measure as a weighted version that gives higher weighting factors to more recent data pairs. This amounts 
to the addition of a forgetting factor λ to the original sequential formulae (22). 
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      (24) 

 
The value of λ is between 0 and 1. The smaller the λ is, faster the effects of old data decay. But a smaller λ sometimes causes numerical 
instability and should be avoided. 
 
6.2   NEFCON (Neuro-Fuzzy Controller) 
 
The learning algorithm defined for NEFCON [6] [40] is able to learn fuzzy sets as well as fuzzy rules. This method can be considered as 
an extension to GARIC (Generalized Approximate Reasoning based Intelligent Control) [38] [69-71] that also use reinforcement 
learning but need a previously defined rule base. Figure 24 illustrates the basic NEFCON architecture with 2 inputs and five fuzzy rules. 
The NEFCON-Model is based on a generic fuzzy perceptron [39]. The inner nodes R1, ..., R5 represent the rules, the nodes ξ1, ξ2, and η 
the input and output values, and µr, Vr the fuzzy sets describing the antecedents  and consequents . In contrast to ANNs the connections 
in NEFCON are weighted with fuzzy sets instead of real numbers. Rules with the same antecedent use so-called shared weights, which 
are represented by ellipses drawn around the connections as shown in the figure. They ensure the integrity of the rule base. The node R1 
for example represents the rule: 
 

R1: If ξ1 is )1(
1A  and ξ2 is )2(

1A  then η is B1.       (25) 
 
The optimal state of a system (plant) can be described by a vector of state variable values. This means that the plant has reached the 
desired state if all of its state variables have reached their value by this vector. If we use membership functions to describe how good the 
current value is compared with the desired value, it is possible to derive fuzzy error that characterizes the performance of our natural 
fuzzy controller. 
 
The knowledge base of the fuzzy system is implicitly given by the network structure. The input units assume the task of fuzzification 
interface, the inference logic is represented by the propagation functions, and the output unit is the defuzzification interface. The learning 
process of the NEFCON model can be divided into two main phases. The first phase is designed to learn an initial rule base, if no prior 
knowledge about the system is available. Furthermore it can be used to complete a manually defined rule base. The second phase 
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optimizes the rules by shifting or modifying the fuzzy sets of the rules. Both phases use a fuzzy error E, which describes the quality of 
the current system state, to learn or to optimize the rule base.  In the third stage the fuzzy sets are modified according to one of the fuzzy 
error backpropagation algorithms as detailed below. 
 

 
 

Figure 24. A NEFCON system with 2 input variables and five rules. 
 

The extended fuzzy error E of a NEFCON system is given by: 
 
E(x1, ..., xn) = sgn(ηopt) e(x1, ..., xn)        (26) 
 
where (x1, ..., xn) is the current input , e is the fuzzy error, and sgn(ηopt) is the sign of the (otherwise unknown) optimal control output. 
 
6.2.1  Fuzzy Error Back Propagation Algorithm (FEBP) 
 
Let S be a process with n state variables }),....1{( niXii ∈∈ξ  and one control variable η Є Y, with k rule units R1,�Rk. The algorithm 
for adapting the membership functions is defined by the following steps that have to be repeated until a certain criterion is met. 
 
1. Compute the output Oη using the current state, apply Oη to S, and determine its new state. 
2. Determine the extended fuzzy error E from the new state of S. 
3. Determine for each rule unit Rr its contribution tr to the output value Oη, and calculate the fuzzy rule error 

rRE  for each rule unit 

Rr (r Є {1,�.,k}): )sgn( rRR tEOE
rr

⋅⋅=   

4. Determine the changes in the parameters of the membership functions: )sgn(}),....,1{},,...,1{( rRrj tEOkrqjV
rr

⋅⋅∈∈= : 

)(
rrrr jjRj deEd −⋅⋅=∆ σ , with a learning rate σ > 0. Apply these changes to the fuzzy sets 

rjV , such that the constraints

)(
rjVΨ are met. 

5. Determine the changes in the parameters of the membership functions :}),....,1{},,....,1{},,...,1{()( krpjni ir
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Apply these changes to the fuzzy sets )(i
jr

µ such that the constraints )( )(i
jr

µψ are met. The learning process can be stopped when the 

fuzzy error E is smaller than a certain value for a certain number of cycles. However the above algorithm relies on monotonic 
membership functions in the rules consequents. For common triangular membership functions (or other forms) to be included in the 
consequents the algorithm is modified as follows. 
 
Let S be a process with n state variables }),....1{( niXii ∈∈ξ and one control variable η Є Y, with k rule units R1,�Rk. For each input 

variable ξi there are pi triangular fuzzy sets }),....,1{()(
i

i
j pj ∈µ and for the output variable η there are q triangular fuzzy sets 

}),....,1{( qjv j ∈ . For the fuzzy sets there are constraints Ψ that determine whether a modification can be carried out. The FEBP for 

adapting the membership functions for k rule units is defined by the following steps that have to be repeated until a certain criterion is 
met. 
 
1. Compute the output Oη using the current state, apply Oη to S, and determine its new state. 
2. Determine the extended fuzzy error E from the new state of S. 
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3. Determine for each rule unit Rr its contribution tr to the output value Oη, and calculate the fuzzy rule error 
rRE  for each rule unit 

Rr (r Є {1,�.,k}): )sgn( rRR tEOE
rr

⋅⋅=   

4. Determine the modifications for the consequent fuzzy sets 
rjV :  
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          where learning rate σ > 0. Apply these changes to the fuzzy sets 

rjV , such that the constraints )(
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5. Determine the modifications for the antecedent fuzzy sets :}),....,1{},,....,1{},,...,1{()( krpjni ir
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Apply these changes to the fuzzy sets )(i
jr

µ such that the constraints )( )(i
jr

µψ are met. Both the learning algorithms presented above 

are to adapt the membership functions, and can be applied only if there is already a rule base of fuzzy rules. The idea of the learning 
algorithm is identical: increase the influence of a rule if its action goes in the right direction (rewarding), and decrease its influence if a 
rule behaves counter productively (punishing). If there is no absolutely no knowledge about initial membership function, a uniform 
fuzzy partition of the variables should be used. 
 
6.2.2  NEFCON – Algorithm for learning rule base 
 
Two methods are available for learning the rule base. Incremental rule learning is used when the correct out put is not known and rules 
are created based on estimated output values. As the learning progresses more rules are added according to the requirement. For 
decremental rule learning, initially rules are created due to fuzzy partitions of process variables and unnecessary rules are eliminated in 
the course of learning. Decremental rule learning is less efficient compared to incremental approach. However it can be applied to 
unknown processes without difficulty, and there is no need to know or to guess an optimal output value. For a process with n state 
variables which are partitioned by pi fuzzy sets each and a control variable with q linguistic terms, we can create at most N linguistic 

rules, where ∏
=

=
n

i
ipqN

1

. However if we create N rule units, then the rule base is of course inconsistent. After the learning process 

the rules must be consistent and limited to k rules, and 
q
Nk ≤  must hold. 

The learning algorithm is divided into three stages. During the first stage all rule units are deleted which provide an output value with a 
sign different from the optimal output value. In the second stage subsets of rules with identical antecedents are considered. From all rule 
subsets whose antecedents match the current state (i.e. have a degree of fulfillment greater than zero), one rule is selected at random to 
contribute to the NEFCON output. The resulting error is ascribed only to the rules selected. At the end of this stage, from each rule 
subset only the rule with the smallest error is kept, and all other rules are deleted from the NEFCON system.  
 
6.2.2.a  Decremental rule learning  
 
Let R denote the set of all rule units and Ant (Rr) denote the antecedent and Con (Rr) the consequent of a fuzzy rule corresponding to the 
rule unit Rr Let S be a process with n state variables }),....1{( niXii ∈∈ξ which are partitioned by pi fuzzy sets each and one control 

variable η Є Y, partitioned by q fuzzy sets. Let there also be ∏
=

=
n

i
ipqN

1

initial rules with  

 ).))()()()()((,( ���� RRRConRConRAntRAntRRR =�=∧=∈∀     (33) 
 

1) For each rule unit Rr a counter Cr (initialized to 0) is defined }),....,1{ Nr ∈ . For a fixed number m1 of iterations the following 
steps are carried out. 

 
•  Determine the current NEFCON output Oη using the current state of S. 
•  For each rule Rr determine its contribution tr to the overall output Oη , }),....,1{ Nr ∈ . 
•  Determine sgn(ηopt) for the current input values. 
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•  Delete each rule unit Rr with sgn(tr) ≠ sgn(ηopt) and update the value of N. 
•  Increment the counters Cr for all Rr with 0>

rRo . 
•  Apply Oη to S and determine the new input values. 

 
2) For each Rr a counter Zr (initialized to 0) is defined. For a fixed number m2 of iterations the following steps are carried out. 

 
• From all subsets, RNsrRAntRAntRR srrj ⊆∈== })},....,1{,)(()({ , one rule unit 

jrR is selected arbitrarily. 

• Determine the current NEFCON output Oη using only the rule units selected and the current state of S. 
• Apply Oη to S and determine the new input values. 
• For each rule 

jrR  determine its contribution 
jrt  to the overall output Oη , }),....,1{ Nrj ∈ . 

• Determine sgn (ηopt) for the current input values. 

• Add EO
Jr

R ⋅ to the counter Zr of each selected rule unit 
jrR . 

• For all selected rule units 
jrR with 

Jr
RO >0,

jrC is incremented. 

 
3) Delete all rule units 

jsR for all subsets Rj from the network for which there is a rule unit 
jsR  ∈ Rj with 

jrZ < 
jsZ , and delete       

        all rule units Rr with Cr ≤ β.(m1 + m2 ), 0 ≤ β < 1, from the network, and update the value of N. 
 
4) Apply appropriate FEBP algorithm to the NEFCON system with k=N remaining rule units. 

 
6.2.2.b Incremental rule learning  
 
The incremental learning rule creates a rule base from scratch by adding rule after rule. It does this by first classifying an input vector, 
i.e. finding that membership function for each variable that yields the highest membership value for the respective input value. A rule 
antecedent is thus formed. Then the algorithm tries to guess the output value by deriving it from the current fuzzy error. In the second 
phase the rule base is optimized by changing the consequent to an adjacent membership function if necessary. To start the algorithm, an 
initial fuzzy partition must be assigned to each variable. Let S be a process with n state variables ξi Є Xi (i Є {1,�n}) which are 
partitioned by pi fuzzy sets each and one control variable η Є [ymin, ymax], partitioned by q fuzzy sets. Let there also be initial k' predefined 
rule units, where k' may be zero. The following steps give the incremental rule-learning algorithm. 
 

1) For a fixed number m1 of iterations the following steps are carried out. 

• For the current input vector (x1,�.,xn) find those fuzzy sets 
)(^)1(^

,....
n

µµ for which 

 ))()()(,(
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i

jii xxj µµ ≥∀  holds.      (34) 

 
• If there is no rule with the antecedent 
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    value o is determined by 
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• Enter the rule 

 

 If ξi is 
)1(^

µ  and ξn is 
)(^ n

µ  , then η is 
^
v  ; into the NEFCON system. 

 
2) For a fixed number m2 of iterations the following steps are carried out. 

 
• Propagate the current input vector through the NEFCON system and estimate for each rule unit rR   

             determine its  contribution rt  to the overall output Oη. Compute the desired contribution to the system output value by 
 

 Eott rrr ⋅⋅+= σ* ,       (36) 
 
 where E is the extended fuzzy error, and σ > 0 is a learning rate. 
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• For each rule unit each rule unit rR , determine the new output membership function rv
^

such that 

 ))()()(( **
^

rjrri tvtv ≥∀        (37) 

 
 and change the consequent of the rule unit rR  accordingly. 
 

• Delete all rules that have not been used in more than in p% of all propagations. 
 

• Apply appropriate FEBP algorithm to the NEFCON system. 
 
The idea of the rule-learning algorithm is to try out the existing rules and to assess them. Rule units that do not pass this test are 
eliminated from the network. In the second phase the algorithm has to choose the rule with the lowest error value from each subset that 
consists of rules with identical antecedents, and delete all other rules of each sub set. To obtain a good rule base it must be ensured that 
the state space of the process is sufficiently covered during the learning process, i.e. m1 and m2 must be large enough. Due to the 
complexity of the calculations required, the decremental learning rule can only be used, if there are only a few input variables with not 
too many fuzzy sets. For larger systems the incremental learning rule will be optimal. Two measures can make use of partial knowledge 
for the learning process and reduce the cost of the learning procedure, especially for decremental rule learning: 
 
• If for a given antecedent a consequent is known, then an equivalent rule unit is put into the NEFCON system, and the learning 

algorithm is not allowed to remove it. Other rules with this antecedent are not created. 
 
• If for some states only a subset of all possible rules need be considered, then only these rules are put into the network. 
 
A similar situation is applicable to Incremental learning rule, where by if prior knowledge is available, then rule learning does not need 
to start from scratch. 
 
6.3   NEFCLASS (Neuro-Fuzzy Classification) 
 
NEFCLASS [7] [40-41] is used to derive fuzzy rules from a set of data that can be separated in different crisp classes. The rule base of a 
NEFCLASS system approximates an (unknown) function φ that represents the classification problem and maps an input pattern x to its 
class Ci : 
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Because of the propagation procedures used in NEFCLASS the rule base actually does not approximate φ but a function 

mnR }1,0{: →�ϕ . We obtain φ (x) from the equality φ (x) =φ (φ (x)), where φ reflects the interpretation of the classification result 
obtained from a NEFCLASS system. Figure 25 illustrates the NEFCLASS system that maps patterns with two features into two distinct 
classes by using five linguistic rules. The NEFCLASS very much resemble the NEFCON system except the slight variation in the 
learning algorithm and the interpretation of the rules. 
 

 
 

Figure 25. A NEFCLASS system with 2 input variables, 5 rules and 2 output classes 
 
As in NEFCON system in NEFCLASS identical linguistic values of an input variable are represented by the same fuzzy set. As 
classification is the primary task of NEFCLASS, there should be two rules with identical antecedents and each rule unit must be 
connected to only one output unit. The weights between rule layer and the output layer only connect the units. A NEFCLASS system can 
be built from partial knowledge about the patterns, and can then be refined by learning, or it can be created from scratch by learning. A 
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user must define a number of initial fuzzy sets that partition the domains of the input features, and specify a value for k, i.e. the 
maximum number of rule nodes that may be created in the hidden layer. 
 
NEFCLASS makes use of triangular membership functions and the learning algorithm of the membership functions uses an error 
measure that tells whether the degree of fulfillment of a rule has to be higher or lower. This information is used to change the input fuzzy 
sets. Being a classification system, we are not much interested in the exact output values. In addition we take a winner-takes-all 
interpretation for the output, and we are mainly interested in the correct classification result. 
 
The incremental rule learning in NEFCLASS is much less expensive than decremental rule learning in NEFCON. It is possible to build 
up a rule base in a single sweep through the training set. Even for higher dimensional problems, the rule base is completed after at most 
three cycles. Compared to ANNs, NEFCLASS uses a much simpler learning strategy. There is no vector quantization involved in finding 
the rules (clusters, and there is no gradient information needed to train the membership functions. Some other advantages are 
interpretability, possibility of initialization (incorporating prior knowledge) and its simplicity. 
 
6.4   NEFPROX (Neuro-Fuzzy Function Approximation) 
 
NEFPROX system is based on plain supervised learning (fixed learning problem) and it is used for function approximation. It is a 
modified version of the NEFCON model without the reinforcement learning. The advantage of Neuro-Fuzzy models is that we can 
incorporate prior knowledge; where as conventional ANNs have to learn from scratch. 
 

 
 

Figure 26. Architecture of the NEFPROX system 
 
NEFPROX is very much similar to NEFCON and NEFCLASS except the fact that NEFCON have only a single output node, and 
NEFCLASS systems do not use membership functions on the conclusion side. We can initialize the NEFPROX system if we already 
know suitable rules or else the system is capable to incrementally learn all rules. NEFPROX architecture is as shown in Figure 26. 
 
While ANFIS is capable to implement only Sugeno models with differentiable functions, NEFPROX can learn common Mamdani type 
of fuzzy system from data. Further NEFPROX is much faster compared to ANFIS to yield results. However ANFIS yields better 
approximation results. 

 
6.5   Fuzzy Inference Environment Software with Tuning (FINEST) 
 
FINEST [10] [56] is designed to tune the fuzzy inference itself. FINEST is capable of two kinds of tuning process, the tuning of fuzzy 
predicates, combination functions and the tuning of an implication function. The three important features of the system are: 
 
�� The generalized modus ponens is improved in the following four ways (1) Aggregation operators that have synergy and 

cancellation nature (2) A parameterized implication function (3) A combination function which can reduce fuzziness (4) Backward 
chaining based on generalized modus ponens. 

 
�� Aggregation operators with synergy and cancellation nature are defined using some parameters, indicating the strength of the 

synergic affect, the area influenced by the effect, etc., and the tuning mechanism is designed to tune also these parameters. In the 
same way the tuning mechanism can also tune the implication function and combination function. 

 
�� The software environment and the algorithms are designed for carrying out forward and backward chaining based on the improved 

generalized modus ponens and for tuning various parameters of a system. 
 
6.5.1 FINEST Tuning Algorithm 
 
FINEST make use of a back propagation algorithm for the fine-tuning of the parameters. Figure 27 shows the layered architecture of 
FINEST and the calculation process of the fuzzy inference. The input values (xi) are the facts and the output value (y) is the conclusion 
of the fuzzy inference. 
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Consider we have the following fuzzy rules and facts: 
 
 ........: 11 iinni BisythenAisxandandAisxIfiRule  

 ).,....,1,,....,1(: minjAisxjFact jj ==�  
The calculation procedure in each layer is as follows: 
 
Layer-1: Converse truth value qualification for condition j of rule i, 
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Layer-2: Aggregation of the truth values of the conditions of Rule i, 
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Layer-3: Deduction of the conclusion from Rule i, 
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Layer-4: Combination of the conclusions derived from all the rules, 
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      (42) 

In the above equations Aijτ , Aiτ , �

iB respectively represent the truth value of the condition " xi is Aij "of rule i, the truth value of the 

condition part of rule i, and the conclusion derived from rule i. Besides, the function andi, Ii and comb respectively represent the function 
characterizing the aggregation operator of rule i, the implication function of rule i, and the global combination function. The functions 
andi, Ii, comb and membership functions of each fuzzy predicate are defined with some parameters. 
 

 
 

Figure 27. FINEST architecture. 
 
Back-propagation method is used to tune the network parameters. All data inside the network are treated as fuzzy sets. The actual output 
of the network B° is given by, 
 

)()()1()1(
// pp
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The teaching signal T is given by, 
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Error function E is expressed by, 
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It is possible to tune any parameter, which appears in the nodes of the network representing the calculation process of the fuzzy data if 
the derivative function with respect to the parameters is given. So it is very much important to parameterize the inference procedure. 
Some details on parameterized aggregation functions, parameterized implication functions and parameterized combination functions are 
given in [10]. 
 
6.6   Self Constructing Neural Fuzzy Inference Network (SONFIN) 
 
SONFIN [9] is inherently a modified Takagi-Sugeno-Kang (TSK) type fuzzy rule based model possessing ANN learning ability. Fuzzy 
rules are created and adapted as online learning proceeds via a simultaneous structure and parameter identification. In the structure 
identification of the precondition part, the input space is partitioned in a flexible way according to an aligned clustering based algorithm. 
As to the structure identification of the consequent part, only a singleton value selected by a clustering method is assigned to each rule 
initially. Afterwards, some additional significant terms (input variables) selected via a projection-based correlation measure for each rule 
will be added to the consequent part (forming a linear equation of input variables) incrementally as learning proceeds. For parameter 
identification, the consequent parameters are tuned optimally by either Least Mean Squares [LMS] or Recursive Least Squares [RLS] 
algorithms and the precondition parameters are tuned by back propagation algorithm. To enhance knowledge representation ability of 
SONFIN, a linear transformation for each input variable can be incorporated into the network so that much fewer rules are needed or 
higher accuracy can be achieved. Proper linear transformations are also learned dynamically in the parameter identification phase of 
SONFIN. Figure 28 illustrates the 6-layer structure of SONFIN. 
 

 
 

Figure 28. Six layered architecture of SONFIN 
 
The six-layered SONFIN structure realizes a fuzzy model of the following form: 
 

..........: 011 ++ jjiiinni xamisythenAisxandandAisxIfiRule  

 
where ijA is a fuzzy set, im0  is the center of a symmetric membership function on y, and jia  is a consequent parameter. At any node, if 

the net input is defined as: 
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kk www  are the associated link weights. The superscript in the 

above equation relates to the layer number. A second action of each node is to output an activation value of its net-input, 
 

)()( fainputnetaooutput k
i =−==  

 
where a(.) denotes the activation function. Detailed functioning of the each layers is as follows: 
 
Layer 1: Each node in this layer, which corresponds to one input variable, only transmits input values to the next layer directly. 

.)1(1 faanduf i ==         (46) 
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Layer-2: Each node in this layer corresponds to one linguistic label (small, big, etc.) of one of the input variables in Layer 1. 
Membership functions shall be Gaussian, triangular, trapezoidal etc. With a Gaussian membership function, the operation performed in 
this layer is given by, 
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and fefa =)()2(  
 
where ijm  and 2

ijσ  are respectively, the center (or mean) and the width (or variance) of the Gaussian membership function of the jth 

term of the ith input variable xi. The link weight of this layer can be interpreted as ijm . 

 
Layer-3: A node in this layer represents one fuzzy logic rule and performs precondition matching of a rule. Here we use the following 
AND operation for each layer 3 node 
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and ffa =)()3(

 
where  
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The link weight in layer-3 )3(
1w  is unity. The output of a layer-3 node represents the firing strength of the corresponding fuzzy rule. 

 
Layer-4: The number of nodes in this layer is equal to that in layer 3 and the firing strength calculated in layer-3 is normalized in this 
layer by 
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Like layer-3, the link weight in this layer )4(
1w  is unity too. 

 
Layer-5: This layer is called the consequent layer. Two different types are used in this layer as denoted by shaded and blank circles in 
figure 20. The node denoted by a blank circle is the essential node representing a fuzzy set of the output variable. Only the center of each 
Gaussian membership function is delivered to the next layer for the local mean of maximum (LMOM) defuzzification operation and the 
width is used for output clustering only. Different nodes in layer-4 may be connected to a same blank node in layer-5, meaning that the 
same fuzzy set is specified for different rules. The function of the blank node is given by, 
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and iaffa 0
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where ia0  = im0 , the center of the Gaussian membership function. As to the shade mode, it is generated only when necessary. Each 
node in layer-4 has its own corresponding shaded node in layer-5. One of the inputs to a shaded node is the output delivered from layer-4 
and the other possible inputs (terms) are the input variables from layer-1. The function of the shaded node is given by, 
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Combining functions of the shaded and blank nodes, the obtain the function of the whole layer as, 
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Layer-6: Each node in this layer corresponds to one output variable. The node integrates all the actions recommended by layer-5 and 
acts as a defuzzifier with 
 

�=
i

ii ufu )6()6(          (53) 

 
and .)()6( ffa =

6.6.1 Learning Algorithm for SONFIN 
 
Learning progresses concurrently in two stages for the construction of SONFIN. The structure learning includes both the precondition 
and consequent structure identification of a fuzzy if-then rule. The parameter learning is based on supervised learning algorithms, the 
parameters of the linear equations in the consequent parts are adjusted by either LMS or RLS algorithms and the parameters in the 
precondition part are adjusted by the backpropagation algorithm. SONFIN can be used for normal operation at anytime during the 
learning process without repeated training on the input-output pattern when online operation is required. In SONFIN rule base is 
dynamically created as the learning progresses by performing the following learning processes: 
 
• Input-output space partitioning. 
 
The way the input space is partitioned determines the number of rules extracted from the training data as well as the number of fuzzy 
sets on the universal of discourse of each input variable. For each incoming pattern x the strength a rule is fired can be interpreted as the 
degree the incoming pattern belongs to the corresponding cluster. The firing strength derived from layer-3 nodes can be directly used as 
degree measure. 
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where )]([)]([ ii

T
ii mxDmxD −− is, in fact, the distance between x and the center of cluster i. For generation of a new fuzzy rule, if x(t) 

is the incoming pattern find 
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where c(t) is the number of rules existing at time t. If JF ≤ )(tF , then a new rule is generated where )1,0()( ∈tF  is a pre-
specified threshold that decays during the learning process. The center and width of the corresponding membership functions (of the 
newly formed fuzzy rules) are assigned according to the first-neighbor heuristic. For each rule generated, the next step is to decompose 
the multidimensional membership function to corresponding 1-D membership function for each input variable. For the output space 
partitioning ( outF ), almost a similar measure is adopted. Performance of SONFIN can be enhanced by incorporating a transformation 
matrix R into the structure, which accommodates all the a priori knowledge of the data set. 
 
• Construction of fuzzy rule base. 
Generation of new input cluster corresponds to the generation of a new fuzzy rule, with its precondition part constructed by the learning 
algorithm in process. At the same time we have to decide the consequent part of the generated rule. This is done using a algorithm based 
on the fact that different preconditions of rules may be mapped to the same consequent fuzzy set. Since only the center of each output 
membership function is used for defuzzification, the consequent part of each rule may simply be regarded as a singleton. Compared to 
the general fuzzy based rule models with singleton output where each rule has its own singleton value, fewer parameters are needed in 
the consequent part of the SONFIN, especially for complicated systems with a large number of rules. 
 
• Optimal consequent structure identification 
 
TSK model can model a sophisticated system with a few rules [45]. In SONFIN, instead of using the linear combination of all input 
variables as the consequent part, only the most significant input variables are used as the consequent terms of the SONFIN. The 
significant terms will be chosen and added to the network incrementally any time when the parameter learning cannot improve the 
network output accuracy anymore during the online learning process. The consequent structure identification scheme in SONFIN is a 
kind of node growing method in ANNs [9]. When the effect of the parameter learning diminished (output error is not decreasing), 
additional terms are added to the consequent part.  
 
• Parameter identification. 
 
After the network structure is adjusted according to the current training pattern, the network then enters the parameter identification 
phase to adjust the parameters of the network optimally based on the same training pattern. Parameter learning is performed on the 
whole network after structure learning, no matter whether the nodes (links) are newly added or are existent originally. Backpropagation 
algorithm is used for this supervised learning. For each training data set, starting at the input nodes, a forward pass is used to compute 



 

 26

the activity levels of all the nodes in the network to obtain the current output. Then starting at the output nodes, a backward pass is used 

to compute 
w
E

∂
∂

 for all the hidden nodes of all the layers. If w is the adjustable parameter in a node, the general rule used is: 
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where η is the learning rate. 
 
6.7  FUN [FUzzy Net] 
 
In FUN [8] inorder to enable an unequivocal translation of fuzzy rules and membership functions into the network, special neurons have 
been defined, which, through their activation functions, can evaluate logic expressions. The network consists of an input, an output and 
three hidden layers. The neurons of each layer have different activation functions representing the different stages in the calculation of 
fuzzy inference. The activation function can be individually chosen for problems. The network is initialized with a fuzzy rule base and 
the corresponding membership functions. Figure 29 illustrates the FUN network. The input variables are stored in the input neurons. The 
neurons in the first hidden layer contain the membership functions and this performs a fuzzification of the input values. In the second 
hidden layer, the conjunctions (fuzzy-AND) are calculated. Membership functions of the output variables are stored in the third hidden 
layer. Their activation function is a fuzzy-OR. Finally the output neurons contain the output variables and have a defuzzification 
activation function. 
 

 
 

Rule: IF (Goal IS forward AND Sensor IS near) OR (goal IS right AND sensor IS far) THEN steering: = forward 
 

Figure 29. Architecture of the FUN showing the implementation of a sample rule 
 

6.7.1 FUN: Learning strategies 
 
The rules and the membership functions are used to construct an initial FUN network. The rule base can then be optimized by changing 
the structure of the net or the data in the neurons. To learn the rules, the connections between the rules and the fuzzy values are changed. 
To learn the membership functions, the data of the nodes in the first and three hidden layers are changed. FUN can be trained with the 
standard neural network training strategies such as reinforcement or supervised learning. 
 
• Learning of the rules 
 
The rules are represented in the net through the connections between the layers. The learning of the rules is implemented as a stochastic 
search in the rule space: a randomly chosen connection is changed and the new network performance is verified with a cost function. If 
the performance is worse, the change is undone, otherwise it is kept and some other changes are tested, until the desired output is 
achieved. As the learning algorithm should preserve the semantic of the rules, it has to be controlled in such a way that no two values of 
the same variable appear in the same rule.  This is achieved by swapping connections between the values of the same variable. 
 
• Learning of membership functions 
 
FUN makes use of triangular membership functions with three membership function descriptors (MFDs). It is presumed that the 
membership functions are normalised, i.e. they always have a constant height of 1. The learning algorithm is a combination of gradient 
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descent and a stochastic search. A maximum change in a random direction is initially assigned to all MFDs. In a random fashion one 
MFD of one linguistic variable is selected, and the network performance is tested with this MFD altered according to the allowable 
change for this MFD. If the network performs better according to the given cost function, the new value is accepted and next time 
another change is tried in the same direction. Contrary if the network performs worse, the change is reversed. To guarantee convergence, 
the changes are reduced after each training step and shrink asymptotically towards zero according to the learning rate. 
 
6.8  Evolving Fuzzy Neural Networks (EfuNNs and mEfuNNs) 
 
EfuNNs [49] and dmEfuNNs [50] are based on the ECOS (Evolving COnnectionist Systems) [48] framework for adaptive intelligent 
systems formed as a result of evolution and incremental, hybrid (supervised/unsupervised), online learning [46-47]. They can 
accommodate new input data, including new features, new classes, and etc. through local element tuning. 
 
EFuNNs are FuNN (Fuzzy Neural Networks) [51] structures that evolve according to the ECOS principles. FuNN is connectionist 
feedforward architecture with five layers of neurons and four layers of connections (Figure 30). The first layer (input layer) passes the 
data to the second layer, which calculates the fuzzy membership degrees to which the input values belong to predefined fuzzy 
membership functions. The third layer of neurons represents associations between the input and the output variables, fuzzy rules. The 
fourth layer calculates the degrees to which output membership functions are matched by the input data, and the fifth layer does 
defuzzification and calculates exact values for the output variables. The number of neurons in each of the layers can potentially change 
during operation through growing or shrinking. The number of connections is also modifiable through learning with forgetting, zeroing, 
pruning and other operations. FuNN uses triangular membership functions and can be modified (width and center) through learning. 
Several training algorithms (independent and combinations) including modified BP algorithm and GAs were tested successfully in 
FuNN. 
 

 
 

Figure 30. Five layered architecture of FuNN 
 
Genetic Algorithms were also used to evolve an optimal topology for a FuNN [46]. Each chromosome was encoded with a sequence of 
values, one for each input, which represents the number of membership functions to be attached for each input, number of membership 
functions attached to the outputs, number of rule nodes in the structure, sequence of values whether or not a particular input feature is to 
be used by the network. To evaluate each individual, the chromosome is decoded into a FuNN structure and is trained for a specific 
number of epochs with the training data set. When training is completed, based on the error fitness value is calculated. Initial population 
was generated; with mutation and one point crossover, and tournament selection was used to pick the best-fit individuals for the next 
generation. After the set number of generations, the most-fit individual of the final generation was decoded into a FuNN and 
subsequently trained using the bootstrapped training algorithm across the entire data set. Genetically evolved FuNN performed better 
than the manually designed FuNN. 
 

 
 

Figure 31. Architecture of EFuNN 
 
In EfuNNs (Figure 31) all nodes are created during learning. The nodes representing membership functions (MF) can be modified during 
learning. As in FuNN, each input variable is represented here by a group of spatially arranged neurons to represent a fuzzy quantization 
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of this variable. For example, three neurons can be used to represent "small", "medium" and "large" fuzzy values of the variable. 
Different membership functions can be attached to these neurons (triangular, Gaussian, etc.). New neurons can evolve in this layer if, for 
a given input vector, the corresponding variable value does not belong to any of the existing MF to a degree greater than a membership 
threshold. A new fuzzy input neuron, or an input neuron, can be created during the adaptation phase of an EFuNN. A new Rule Node rn 
is created and its input and output connection weights are set as follows: 
 
W1 (rn)=EX; W2 (rn ) = TE,        (57) 
 
where TE is the fuzzy output vector for the current fuzzy input vector EX. In case of "one-of-n" EFuNNs, the maximum activation of a 
rule node is propagated to the next level. Saturated linear functions are used as activation functions of the fuzzy output neurons. In case 
of "many-of-n" mode, all the activation values of rule nodes that are above an activation threshold of Ahtr are propagated further in the 
connectionist structure.  
 
6.8.1 EFuNN learning algorithm 
 
EFuNN evolving algorithm is given as a procedure of consecutive steps:  
 
1) Initialize an EFuNN structure with a maximum number of neurons and no (or zero value) connections. Initial connections may be 

set through inserting fuzzy rules in a FuNN structure. FuNNs allow for insertion of fuzzy rules as an initialization procedure thus 
allowing for prior information to be used prior to the evolving process. If initially there are no rule nodes connected to the fuzzy 
input and fuzzy output neurons, then create the first node rn=1 to represent the first example EX=x 1 and set its input W1 (rn) and 
output W2 (rn) connection weights as follows:  

 
Create a new rule node rn to represent an example EX: W1(rn)=EX; W2(rn ) = TE, where TE is the fuzzy output vector for the 
(fuzzy) example EX. 
 

2) WHILE <there are examples> DO 
Enter the current, example xi, EX being the fuzzy input vector (the vector of the degrees to which the input values belong to the 
input membership functions). If there are new variables that appear in this example and have not been used in previous examples, 
create new input and/or output nodes with their corresponding membership functions. 

 
3) Find the normalized fuzzy similarity between the new example EX (fuzzy input vector) and the already stored patterns in the case 

nodes j=1,2,...,rn:  
 
 Dj= sum (abs (EX - W1(j) )/ 2) / sum (W1(j))  
 
4) Find the activation of the rule (case) nodes j, j=1:rn Here radial basis activation function, or a saturated linear one, can be used on 

the Dj input values i.e. A1 (j) = radbas (Dj), or A1 (j) = satlin (1 - Dj). 
 
5) Update the local parameters defined for the rule nodes, e.g. age, average activation as pre-defined. 
 
6) Find all case nodes j with an activation value A1(j) above a sensitivity threshold Sthr. 
 

If there is no such case node, then <Create a new rule node> using the procedure from step 1.  
ELSE  

 
7) Find the rule node inda1 that has the maximum activation value (maxa1). 
 
8) (a) In case of "one-of-n" EFuNNs, propagate the activation maxa1 of the rule node inda1 to the fuzzy output neurons. Saturated 

linear functions are used as activation functions of the fuzzy output neurons:  
 

A2 = satlin (A1(inda1) * W2)  
 

(b) in case of "many-of-n" mode, only the activation values of case nodes that are above an activation threshold of Athr are 
propagated to the next neuronal layer. 

 
9) Find the winning fuzzy output neuron inda2 and its activation maxa2. 
 
10) Find the desired winning fuzzy output neuron indt2 and its value maxt2. 
 
11) Calculate the fuzzy output error vector: Err=A2 - TE. 
 
12) IF (inda2 is different from indt2) or (abs (Err (inda2)) > Errthr ) <Create a new rule node>  
        ELSE  
 
13) Update: (a) the input, and (b) the output connections of rule node k=inda1 as follows:  
 (a) Dist=EX-W1(k); W1(k)=W1(k) + lr1. Dist, where lr1 is the learning rate for the first layer; 
 (b) W2(k) = W2 (k) + lr2. Err. maxa1, where lr2 is the learning rate for the second layer. 
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14) Prune rule nodes j and their connections that satisfy the following fuzzy pruning rule to a pre-defined level representing the current 
need of pruning: 

 
IF (node (j) is OLD) and (average activation A1av(j) is LOW) and (the density of the neighboring area of neurons is HIGH or 
MODERATE) and (the sum of the incoming or outgoing connection weights is LOW) and (the neuron is NOT associated with the 
corresponding "yes" class output nodes (for classification tasks only)) THEN the probability of pruning node (j) is HIGH.  
 
The above pruning rule is fuzzy and it requires that the fuzzy concepts as OLD, HIGH, etc. are defined in advance. 

 
16) END of the while loop and the algorithm  
 
17)  Repeat steps 2-16 for a second presentation of the same input data. 
 
6.8.2 Dynamic Evolving Fuzzy Neural Networks (dmEfuNNs) 
 
Dynamic Evolving Fuzzy Neural Networks (dmEfuNN) model is developed with the idea that not just the winning rule node's activation 
is propagated but a group of rule nodes is dynamically selected for every new input vector and their activation values are used to 
calculate the dynamical parameters of the output function. While EfuNN and FuNN make use of the weighted fuzzy rules of Zadeh-
Mamdani type, dmEfuNN uses the Takagi-Sugeno fuzzy rules. 
 

 
 

Figure 32. The structure of dmEFuNN 
 
Takagi-Sugeno fuzzy rules are implemented in a dmEFuNN recall (before its adaptation). The method is explained here for n inputs and 
one output system:  
 
1) For each input vector Xdi , find m rule nodes ri1 , ri2 , ..., rim with the closest fuzzy normalised local distance Ds to the fuzzy input 

vector X dif , calculated as: 
 
 Ds(Xdif , rij )= sum (abs(Xdif -- W1(rij )) / sum (Xdif + W1(rij ))  
 
 where W1(rij ) is the weight matrix of the connections from the fuzzy quantification layer to the rule nodes layer. 
 
2) Use the formula, A = [a 0 a 1 a 2 ... a n]T= (X T Z X) -1 X T ZY, to calculate the weighted least- square estimator (WLSE), where Z is 
weighting matrix for placing heavier emphasis on more important data. In this case, Z is a diagonal matrix and z jj =1 - Ds (X dif , r ij). 
 
3) The output of dmEFuNN is calculated as: 
 y = X dif A  
 
The first, second and third layers of dmEFuNN have exactly the same structures and functions as the EFuNN. The fourth layer, the fuzzy 
inference layer, selects m rule nodes from the third layer which have the closest fuzzy normalised local distance to the fuzzy input 
vector, and then, a Takagi-Sugeno fuzzy rule will be formed using the weighted least square estimator. The last layer calculates the 
output of dmEFuNN. Please refer to Figure 32 for details about the dmEFuNN architecture. 
 
The number m of activated nodes used to calculate the output values for a dmEFuNN is not less than the number of the input nodes plus 
one. The dmEFuNNs calculate the output using a Takagi-Sugeno fuzzy rule, which is formed by weighted least square estimator. A 
first-order Takagi-Sugeno fuzzy rule has a consequent part that is a linear function:  
 
y = a 0 + a 1 x 1 + a 2 x 2 + ... + a n x n. 
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where, x 1 , x 2 , ... , x n are n elements of the input vector. 
 
On the basis of the theory of Least Square Estimator, the experiments have to be performed to obtain a training data set composed of m 
data pairs in order to get the n + 1 coefficients a = [a 0, a 1,a 2, ... , a n] . It is necessary that m ≥  n+1 to identify uniquely the unknown 
vector a. If m = n +1 and the matrices composed of m data pairs is a nonsingular, then a can be obtained by solving the linear equations. 
In the case of dmEFuNNs, these m data pairs come from the m activated nodes that means the number m is not less than the number of 
input elements n + 1. 
 
Like the EFuNNs, the dmEFuNNs can be used for both off-line learning and online learning thus optimising global generalization error, 
or a local generalization error. In dmEFuNNs, for a new input vector (for which the output vector is not known), a subspace consisted of 
m rule nodes are found and a first order Takagi-Sugeno fuzzy rule is formed using the least square estimator method. This rule is used to 
calculate the dmEFuNN output value. In this way a dmEFuNN acts as a universal function approximator using m linear functions in a 
small m-dimensional node subspace. The accuracy of approximation depends on the size of the node subspaces, the smaller the subspace 
is, the higher the accuracy. It means that if there are sufficient training data vectors and sufficient rule nodes are created, a satisfying 
accuracy can be obtained. 

 
7 Conclusions 
 
In this paper we have attempted to classify the state-of-the art hybrid intelligent systems and summarized the current standing of the 
research work done particularly in the field of fused neuro-fuzzy systems. Neuro-fuzzy systems could be seen as heuristics to determine 
parameters of a fuzzy inference system by processing training data with a learning algorithm [66].  
 
For evaluating the different NF models we used the chaotic time series given by Mackey-Glass differential equation [65]: 
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We used the value x(t-18), x(t-12), x(t-6), x(t) to predict x(t+6). Fourth order Runge-Kutta method was used to generate 1000 data series. 
The time step used in the method is 0.1 and initial condition were x (0)=1.2, τ=17, x (t)=0 for t<0 and x(t) is thus derived for 0 ≤ t ≤ 
2000. We used a Pentium II, 450 MHZ platform for training the NF models. Offline training was done using 500 data sets (t= 118 to 
617), by giving 4 inputs x (t-18), x (t-12), x (t-6), x (t) and we attempted to predict the output for x (t+6). NF models were tested with 
another 500 data sets (t=618 to 1117) and the results are plotted in Figure 33 and 34. We also trained an ANN using backpropagation 
algorithm to compare the performance with NF systems. Figure 35 shows the results of the predicted values against the desired values 
for an ANN. Table 4 gives a comparative performance of NF systems and ANN. Figure 36 illustrates Root Mean Square Error  (RMSE) 
of NF systems and ANN for time series prediction problem[79]. 
 

Table 4. Comparative performance of NF systems and ANN. 
 

System Epochs CPU Time(s) RMSE (test) 
ANFIS 75 165 0.0017 
NEFPROX 216 *75 0.0332 
EfuNN 1 30 0.014 
dmEFuNN 1 �52 0.0042 
SONFIN 1 - 0.018 
ANN 1580 165 0.0047 

 
(*Sun Ultra platform � Platform unknown) 

 
Among NF models ANFIS has the lowest RMSE error and NEPROX the highest. This is probably due to Takagi-Sugeno rules 
implementation in ANFIS compared to the Mamdani-type fuzzy system in NEFPROX. However NEFPROX outperformed ANFIS in 
terms of computational time.  
 
In ANFIS the adaptation (learning) process is only concerned with parameter level adaptation within fixed structures. For large-scale 
problems, it will be too much complicated to determine the optimal premise-consequent structures, rule numbers etc. The structure of 
ANFIS ensures that each linguistic term is represented by only one fuzzy set. However the learning procedure of ANFIS does not 
provide the means to apply constraints that restrict the kind of modifications applied to the membership functions. When using Gaussian 
membership functions, operationally ANFIS can be compared with a radial basis function network.  
 
ANFIS [5] implements a Takagi-Sugeno fuzzy system and applies a mixture of back propagation and least mean squares procedure to 
train the system. However the adaptation (learning) process is only concerned with parameter level adaptation within fixed structures. 
For large-scale problems, it will be too much complicated to determine the optimal premise-consequent structures, rule numbers etc. The 
structure of ANFIS ensures that each linguistic term is represented by only one fuzzy set. However the learning procedure of ANFIS 
does not provide the means to apply constraints that restrict the kind of modifications applied to the membership functions. When using 
Gaussian membership functions, operationally ANFIS can be compared with a radial basis function network.  
 
FUN system [8] is initialized by specifying a fixed number of rules and a fixed number of initial fuzzy sets for each variable and there 
after uses a stochastic procedure (learning technique) that randomly changes parameters of membership functions and connections 
within the network structure. The learning process is driven by a cost function, which is evaluated after the random modification. If the 
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modification resulted in an improved performance the modification is kept, otherwise it is undone. Since no formal neural network 
learning technique is used it is questionable to call FUN a neuro-fuzzy system. 
 

 
 

Figure 33. Mackey-Glass time series prediction using ANFIS 
 

 
 

Figure 34. Mackey-Glass time series prediction using EfuNN. 
 

 
 

Figure 35. Mackey-Glass time series prediction using ANN 
 
NEFCON [6] make use of an incremental or decremental rule learning algorithm for learning the rule base (structure learning) and a 
fuzzy backpropagation algorithm for learning the fuzzy sets (parameter learning). NEFCON system is capable of incorporating prior 
knowledge as well as learning from scratch. However the performance of the system will very much depend on heuristic factors like 
learning rate, error measure etc. NEFCLASS [7] is mainly useful for classification assignments and it uses a supervised algorithm. 
NEFCLASS does not use membership functions in the rules consequents. Compared to ANNs the advantages of NEFCLASS are 
interpretability, ability to incorporate prior knowledge and simplicity. NEFPROX [42] is a modified version of NEFCON with more than 
1 output and based on supervised learning algorithm and basically used as a function approximator. Since NEFPROX uses a neural 
network learning technique too much learning could lead to poor generalization. 
 
FINEST [10] provides a mechanism based on the improved generalized modus ponens for fine tuning of fuzzy predicates & combination 
functions and tuning of an implication function. FINEST uses a gradient descent technique to tune the various parameters. 
Parameterization of the inference procedure is very much essential for proper application of the tuning algorithm. In many cases the 
parameterized function is designed only to cover the mathematical part leaving the semantics part ignored very often. FINEST presents a 
novel technique for parameterizing aggregation function, implication function and combination functions. 
 
SONFIN [9] learns from scratch and the rules are created and adapted as online learning proceeds via simultaneous structure and 
parameter identification. For the structure identification of the precondition part, the input space is partitioned based on a clustering 
algorithm and for the structure identification of the consequent part only a singleton value selected by the clustering method is assigned 
to each rule initially. Further, as the learning proceeds, rules will get modified incrementally. Precondition parameters are tuned by back 
propagation algorithm and consequent parameters by least mean squares or recursive least squares algorithms. 
 
FuNN [51] uses a fixed structure and based on a multiple iteration learning procedure based on gradient descent, backpropagation 
algorithm. EfuNN [49] implements a Mamdani type of fuzzy rule base and is based on a dynamic structure (creating and deleting 



 

 32

strategy), single rule inference, established on the winner-takes all rule for the rule node activation, with a one-pass training, instance 
based learning and reasoning. dmEFuNN [50] is an improved version of the EfuNN using several (m) of the highest activated rule nodes 
instead of one and implements a Takagi-Sugeno fuzzy system. The rule node aggregation is achieved by a C-means clustering algorithm. 
 

 

 
Figure 36. Graph showing RMSE error of NF systems and ANN for time series prediction problem. 

 
8 Further Research Directions 
 
From the success in integrating neural network and fuzzy logic and knowing their strengths and weaknesses, we can construct better 
neuro-fuzzy systems to mitigate the limitations and take advantage of the opportunities to produce more powerful hybrids than those that 
could be built with stand alone systems. As a guideline, for neuro-fuzzy systems to be in the top of the ladder, some of the major 
requirements are fast learning (memory based - efficient storage and retrieval capacities), on-line adaptability (accommodating new 
features like inputs, outputs, nodes, connections etc), achieve a global error rate and computational inexpensive. 

 
As in many of the neuro-fuzzy models, the user should always supervise the learning process and try to interpret the results. User has to 
specify the type of membership functions, clustering methods, learning parameters and many others depending on the model used. The 
data acquisition and preprocessing training data is also quite important for the success of neuro-fuzzy systems. Like in ANNs the success 
of the learning process is not guaranteed, as the designed network might not be optimal. Global optimization procedures like GAs or a 
combination of hybrid global search techniques (SA, TS etc.) might be useful for adaptive evolution of network architecture, learning 
algorithms, node functions etc., to prevent the network parameters being trapped in local optima due to gradient search or back 
propagation algorithms. For online learning, global optimization procedures might sound computational expensive. Fortunately GAs 
work with a population of independent solutions, which makes it easy to distribute the computational load among several processors. 
The design of parallel GA's involves choices such as using one population or multiple populations. In both cases, the size of population 
or populations must be determined carefully, and when multiple populations are used, one must decide how many to use [32]. In 
addition, the populations may remain isolated or they may communicate by exchanging individuals. Communication involves extra costs 
and additional decision on topologies, on how many individuals are exchanged, and on the frequency of communications  
 

 
 

Figure 37. General framework for global search of optimal neuro-fuzzy system  
 

Sugeno-type fuzzy systems are high performers (less RMSE) but often requires complicated learning procedures and computational 
expensive. However, Mamdani-type fuzzy systems can be modeled using faster heuristics but with a compromise on the performance 
(high RMSE). Hence there is always a compromise between performance and computational time. An optimal design of a neuro-fuzzy 
system can only be achieved by the adaptive evolution of membership functions, rule base (architecture) and learning rules, which 
progress on different time scales as illustrated in Figure 37. Most of the neuro-fuzzy systems are either based on Mamdani-type or 
Takagi-Sugeno-type. As shown in Figure 37, the fuzzy inference procedure (Mamdani FIS, Takagi Sugeno FIS, etc.) will evolve at the 
highest level on the slowest time scale to adapt the inference system according to the problem. 
 
For every (rule base) architecture, there is the evolution of learning rules that proceeds on a slower time scale in an environment decided 
by the architecture. For each architecture, evolution of membership functions proceeds at a faster time scale in an environment decided 
by the problem, the architecture, learning rule and the inference system. Hierarchy of the different adaptation procedures will rely on the 
prior knowledge. For example, if there is more prior knowledge about the architecture than the learning rules then it is better to 
implement the learning rule at a higher level.  
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