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Preliminaries

The reduction technique revisited: a way to show that a problem is NP-complete
is to use the deduction rule below.

L is NP-complete
L’ isin NP
There is a mapping f such that z € L iff f(z) € L’ holds for all =
f(x) can be be computed in logarithmic space w.r.t. |z|
L’ is NP-complete

A Proof that FEEDBACK VERTEX SET is NP-
complete

Preliminaries
The problem NODE COVER is the following:

Given an undirected graph G = (V| E) and an integer B < |V, is
there a subset V! C V, |V’| < B, such that each edge in G has at
least one of its endpoints in V".

We know that NODE COVER is NP-complete (see page 190 in Papadim-
itriou’s book).

The Problem and a Solution

Show that the following problem, called FEEDBACK VERTEX SET, is NP-
complete:

Given a directed graph G = (V, E) and an integer B < |V, is there
asubset V! C V such that (i) |[V'| < B, and (ii) every directed circuit
in G includes at least one vertex from V'?

Note that an equivalent definition of the problem is: Given a directed graph
G = (V. E) and an integer B < |V, is there a subset V' C V such that (i)
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|V’| < B, and (ii) the directed graph G’ = (V\ V', EN(V\ V') x (V' \ V) has
no cycles?

Obviously FEEDBACK VERTEX SET is in NP: (i) guess the set V' such that
|V'| < B, and (ii) use, e.g., Tarjan’s algorithm for finding strongly connected
components of a graph to check whether G’ = (V\ V', EN(V\ V') x (V\ V"))
has any cycles.

We show the NP-hardness by reducing from the NP-complete problem NODE
COVER. Given an input G; B for NODE COVER, where G = (V| E) is an
undirected graph and B < |V| is an integer, the corresponding input for FEED-
BACK VERTEX SET is G; B, where G is the directed graph G = <V,E =
{(vi,v;) | {vi,v;} € E}). Thatis, G is G interpreted as a directed graph.

Now if G has a node cover V', |V’| < B, then the directed graph G' = (V' \
VL EN(VA\ V') x (V\ V') has no edges and thus cannot have any cycles. Thus
if V' is a node cover for G, then V" is a feedback vertex set for G.

On the other hand, assume that G has a feedback vertex set V/, [V’| < B. Then
for each edge pair (v;, v;) and (vj, v;) between the nodes v; and v;, at least one
of v;,v; has to be in V' (otherwise G = (V\ V', EN (V\ V') x (V\ V")) would
have a cycle v; — v; — v;). Therefore V” is also a node cover for G.

To sum up, V' is a node cover of G iff V' is a feedback vertex set of G. Obviously
the reduction can be computed in logarithmic space.

A Proof that PARTITION INTO TRIANGLES is
NP-complete

Preliminaries

Graphs in this exercise are assumed to be undirected and not containing self-
loops.

The problem EXACT COVER BY 3-SE'TS is the following:

We are given a family F' = {S,...,S,} of subsets of a set U, such
that |U| = 3m for some integer m, and |S;| = 3 for all i. The
question is whether there are m sets in F' that are disjoint and have
U as their union.




Tik-79.240 Special Course on Computational Complexity, Autumn 2001
Class room exercises, solutions, week 44 3(4)

We know that EXACT COVER BY 3-SE'TS is NP-complete (see page 201 in
Papadimitriou’s book).

The Problem and a Solution

Show that the following problem, called PARTITION INTO TRIANGLES,
is NP-complete:

Given a graph G = (V, E) with |V| = 3¢ for an integer g, is there
a partition of V' into ¢ mutually disjoint sets Vi, V5, ..., V, of three
vertices each such that, for each V; = {v; 1, v; 2, v; 3}, the three edges
{vi1,viah,{vi1,vi3}, and {v; 2, v; 3} all belong to E?

Clearly PARTTTION INTO TRIANGLES is in NP because we can first non-
deterministically guess a partition of V' and then check (in deterministic polyno-
mial time) that each V; fulfills the triangle condition.

We show the NP-hardness by reducing from the NP-complete problem EX-
ACT COVER BY 3-SETS. Assume that we are given a set U such that |U| =
3m for some integer m and a family F' = {54, ... ,S,} of subsets of U such that
|S;| = 3 for all i. We now construct a graph G = (V, E) with |V| = 3¢’ such
that G can be partitioned into ¢’ triangles iff ' contains an exact cover for U.
First, it can be safely assumed that each element u € U appears in at least one
set S; in F': if this is not the case, then I’ cannot have an exact cover for U and
we can simply output a simple constant graph that cannot be partitioned into
triangles. Otherwise, we substitute for each set S; = {u, v, w} appearing in F' the
collection E; of 18 edges shown below.
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The graph G = (V, E) is now defined by

V. = UUu|Jai;l 1< <9}
=1

E = |JE.

Now |[V| = |U| + 9n = 3m + 9n and thus ¢ = m + 3n. Note that only the
U-vertices may be shared by different F;s.

Assume that F' C F is an exact partition of U (and thus |F’| = m). Then,
it S; = {u,v,w} € F', take {a;3,a;6, a9}, {w,a;1,0:,2}, {v,a;4,0;5} and
{w, a;7,a;3} to belong to the triangle partition of G and, if S; = {u,v,w} ¢ F,
choose {a;1,a;2,a;3}, {aia, ai5,a;6} and {a;7,a;s,a;9} to belong to the tri-
angle partition of G. Clearly the result is a valid triangle partition of G' be-
cause the partition is disjoint, each vertex is in the partition and the partition
has ¢ = m + 3n sets.

To show the opposite direction, assume that V' can be partitioned into ¢ = m+3n
triangles V3, Va, ..., V. Then the corresponding exact cover of U is given by
choosing those S; of F' such that {a;3,a;6,a,9} = Vi forsome 1 < k < ¢’
This is justified as follows. For each u € U there is exactly one triangle into
which u belongs, let’s say it was {w, a; 1, a;2}. Then {a; 3, a;6, ai0}, {v, a5, a6}
and {w, a;g, a; 9} for S; = {u, v, w} must also be in the triangle partition. Fur-
thermore, since no other {u, a; ., a;,} can be in the triangle partition, the cor-
responding {a; 3, a;6, a9} cannot be in the triangle partition. Therefore each u
appears in exactly one chosen \S;. This also implies that we choose exacly m S;s.

We have thus showed that G can be partitioned into ¢' = m + 3n triangles ift F
contains an exact cover of m sets for U.

To show that the reduction can be carried out in logarithmic space, note that the
reduction is made by local substitutions. We therefore need 3 registers of length
log(3m) to remember the elements in the currently processed set S; of F' and
one counter of length logn to remember the number ¢ of the set. We then just
output the edges in E; to the output tape.




