CSCI 356 Midterm

1. Find a closed-form expression for the sum of the first n odd integers. Prove that your answer is correct. 

2. The procedure "print" below takes constant time. Find a recurrence for T(n) and the running time, in O notation, of the following algorithm "TH". (The running time of TH depends only on n.) Of course you will have some undetermined constants in the recurrence, but keep the number of them to a minimum. (Proof by induction not necessary) 

          Algorithm TH(a,b,c,n: integer)

          {

          if n > 1 then

               {

               TH(a, c, b, n-1);

               print (a, b);

               TH (c, b, a, n-1)

               }

          }

3. Describe the weighting and collapsing rules in the UNION-FIND algorithm for disjoint set representation. How do these rules improve the performance of these algorithms over the naive UNION-FIND algorithms (i.e., which do not use weighting or collapsing rules)? 

4. Write a divide and conquer algorithm to find the k largest and the k smallest elements from an unsorted array of n elements. Give the recurrence relation which reflects the number of element comparisons done by your algorithm. (You don't have to solve the recurrence.)

You may use merge procedure (if necessary) in the conquer phase. (I.E., just use a

procedure called MERGE with the appropriate parameters. You don't have to write the

Merge procedure itself.) The base case corresponds to the situation where n=k. (You may assume that n is a power of k.) 

5. Given a finite set of distinct coin types with values {A(i) | 1 < i < n} we need to make up an exact amount C using a minimum number of coins; i.e., find integers 

{X(i) | 1 < i < n} such that 

X(1)* A(1) + X(2)* A(2) + . . . + X(n)* A(n) = C and 

X(1) + X(2) + . . . + X(n) is a minimum. 

     Consider the following greedy strategy for the problem 

          Algorithm COIN( A, X, C)

               {

               Sort A(i)'s in decreasing order (A(1) > A(2) > . . . )

               for i = 1 to n while (C > 0)

                    {

                    X(i) = floor(C/A(i))

                    C = C - X(i)*A(i)

                    }

               }

Give a counter example to show that the greedy strategy does not always produce an optimal solution. Your counter example should consist of values for the A(i)'s, the solution produced by algorithm COIN and a solution which makes change using fewer number of coins than did algorithm COIN. 

Hint: You may assume that some A(i) = 1 such that you can always make change for any C. The A(i)'s need not necessarily be multiples of a number as is the case with most currencies.

