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Appendix C 
 

University Curricula Chapter Lectures 
 

 

 Module 1 CIVL  131 Introduction to Civil Engineering Design 
 Module 2 CIVL  311 Strength of Materials 
 Module 3 CIVL  312 Structural Test Lab 
 Module 4-1 CIVL 402 Contracts and Specifications on Rubberized Asphalt Concrete 
 Module 4-2 CIVL 402 Contracts Specifications on ASTM Standards 
 Module 5 CIVL  411 Soil Mechanics 
 Module 6 CIVL  415 Reinforced Concrete 
 Module 7 CIVL  402 Environmental Engineering 
 Module 8 CIVL  441 Transportation Engineering 
 Module 9 CIVL  551 Foundation Engineering 
 Module 10 CIVL  575 Solid Waste Management 
 Module 11 CIVL  598 Asphalt Paving Materials 

 

 

 

 

DISCLAIMER 

 
The contents of these chapters are draft. They are intended for information only. The purpose of 
these chapters is to support the teaching modules in Appendix B. Please do not cite or reference 
this material in other publications. They reflect the views of the authors only. The content does 
not necessarily reflect the official views or polices of the California Integrated Waste 
Management Board or the State of California. 
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CIVL 131 Introduction to Civil Engineering Design 
 

1.0 Introduction 

According to the Rubber Manufacturers Association, the U.S. generated approximately 300 
million scrap tires in 2005.  Historically, these scrap tires took up space in landfills or provided 
breeding grounds for mosquitoes and rodents when stockpiled or illegally dumped.  Fortunately, 
markets now exist for 87% of these scrap tires-up from about 17% in 1990.  These markets-both 
recycling and beneficial use-continue to grow, and the California Integrated Waste Management 
Board (CIWMB) believes that the largest growing market for scrap tire products is in civil 
engineering applications.  The remaining scrap tires, however, are still stockpiled or land-filled. 

Nation wide, of the 300 million waste tires produced, most were used as follows: 

• 155 million (52%) were used as fuel (TDF). 

• 49 million (16%) were recycled or used in civil engineering projects. 

• 30 million (10%) were converted into ground rubber and recycled into products. 

• 7.4 million (2.5%) were converted into ground rubber and used in rubber-
modified asphalt. 

• 6.9 million (2.3%) were exported. 

• 6.1 million (2.0 %) were recycled into cut/stamped/punched products. 

• 3 million (1%) were used in agricultural and miscellaneous uses. 

As can be seen, the three largest scrap tire markets, using about 78%, are:  

• Tire derived fuel 

• Civil engineering applications 

• Ground rubber applications/ rubberized asphalt concrete 

Both recycling and beneficial use of scrap tires has expanded greatly in the last decade through 
increased emphasis on recycling and beneficial use by state, local and Federal governments, 
industry, and other associations.  Unfortunately, even with all of the reuse and recycling efforts 
underway, not all scrap tires are being used beneficially 

California was the single largest contributing state, producing about 40 million of those tires.  It is 
estimated on average each California resident produces about 1.1 tires each year.  The California 
Integrated Waste Management Board (CIWMB) is tasked with diverting these scrap waste tires 
from the waste stream to be used in other beneficial applications. Civil engineering applications 
are the largest growing potential market for scrap tires.   
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1.1 Objectives  

This chapter focuses on the materials that were developed to introduce first year engineering 
students to potential applications of scrap tires in civil engineering projects.  It was developed for 
a course that is offered at most colleges and universities with engineering programs, often the 
course is called “Introduction to Engineering”. 

1.2 History 

CIWMB has spent nearly two decades dealing with scrap tire issues in the State of California. 
They have not only been tasked with diverting scrap tires from the waste stream, but have been 
involved with reducing the number of scrap tires that have been stockpiled both legally and 
illegally, and in remediation efforts following devastating tire fires.  CIWMB’s Waste Tire 
Recycling Management Program has increased the annual diversion rate of waste tires from 34 
percent in 1990 to about 75 percent in 2008 (CIWMB 2008).   In addition, the program has 
cleaned up the majority of large tire piles in the state.  

Abandoned waste tires pose potential threats to public health and safety, and to the environment. 
This is particularly true with respect to fire hazards and mosquito-borne diseases such as West 
Nile Virus.  CIWMB has also completed remediation efforts at California’s largest tire fire sites 
and worked on expanding the markets for tire-derived products.  

1.3 Waste Tire Civil Engineering Applications 

This module provides a general introduction to the problems related to the generation of waste 
tires in California and gives an overview of their applications in civil engineering projects. 
Benefits and problems encountered in using scrap tires as tire derived aggregate (TDA) and 
rubberized asphalt paving materials are discussed. 

Tires are an engineered product with a complex composition.  They contain steel belts and beads, 
polyester belts and both synthetic and natural rubber.  They are engineered for toughness and 
durability, and are not easily recycled.  Civil engineering projects can use waste tires in a variety 
of ways, from crumb rubber particles, to tire shreds, and to whole tires. 

The use of scrap tire products in civil engineering applications can be broken down into three 
broad categories; tire derived aggregate, rubberized asphalt concrete (RAC) paving materials, and 
the use of whole scrap tires.  TDA has many beneficial properties for certain civil engineering 
applications: 

1. Lightweight, tire shreds weigh 1/3 to ½ as much as compacted soil and gravel. 

2. Lower lateral earth pressure, about ½ or less than traditional backfill material.  

3. Good thermal insulation characteristics, 8 times greater than gravel. 

4. High permeability, greater than granular soils (sands). 

5. Compressibility, useful for vibration mitigation. 

RAC also has many desirable properties including the following: 

1. Improves traction compared to traditional asphalt paving. 
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2. Improves durability of pavement section especially in overlays.  Can typically 
use thinner overlays and get superior performance.  Reduces reflection and 
surface tension cracking. 

3. Reduces noise caused by vehicle traffic (noise pollution).  Listen to the video on 
the PowerPoint presentation. 

4. Reduces vibration felt in the vehicles. 

5. Lowers maintenance costs because of longer service life typical of RAC. 

6. Reduces spray/splash when raining.  The video in the PowerPoint presentation 
dramatically demonstrates this effect. 

RAC paving materials can improve the performance of the paving system while lowering 
material requirements due to thinner pavement overlay thicknesses.  RAC paving systems have 
been proven to have lower life-cycle costs.   

 

There are several beneficial applications of TDA in civil engineering projects. TDA can be 
utilized in several types of civil engineering applications: 

1. Lightweight fill for embankments 

2. Retaining wall backfill 

3. Vibration damping layers under rail lines 

4. Insulation layer to limit frost penetration in roadways 

5. Landfill applications including daily cover, gas pipe protection, drainage layers, 
and leachate and gas collection and recovery systems. 

6. Solving slope stability problems by replacing heavier soils, reducing the driving 
force behind slope stability failures. 

 

Utilizing waste tire products in civil engineering applications makes use of the desirable 
characteristics of these products while helping to solve the environmental problems associated 
with their improper disposal.  These civil engineering applications have the potential to utilize 
large quantities of waste tire products.  For instance, about 75 tires are recycled for each cubic 
yard of TDA fill, and 2,000 tires are used per lane mile of RAC pavement.  CIWMB believes that 
civil engineering applications represent the largest potential growth market for utilizing waste 
tires in California. 

Several barriers exist to the mainstream use of scrap tires in civil engineering applications.  These 
barriers have civil engineering aspects as well as environmental, regulatory, public perception, 
and construction issues.  Civil engineers are risk adverse and are used to designing with 
conventional construction materials (soil, concrete, asphalt, timber and steel) that have standards 
and applicable code acceptance.  The engineering properties of TDA are not as well established, 
and there is a lack of both long term performance data and design standards or manuals.  In 
addition, the chemical composition of scrap tire products is complex as tires are engineered for 
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toughness, durability and consumer safety.  The resulting long term environmental effects are 
unknown, and the engineer must overcome public perception – it is a waste, so it must be bad!   

During design, the engineer is faced with a convoluted regulatory approval process, with many 
competing objectives (e.g. the EPA and water quality control regulatory groups).  Environmental 
regulators are risk adverse and need reassurance about the impacts of using recycled products in 
civil engineering applications.   

There are several construction issues to overcome as well.  New procedures and equipment may 
be required as is the case for RAC paving systems, which require more controlled manufacturing, 
transporting and construction procedures.  For TDA, it is often difficult to estimate “in-place” 
cost because of the variations in in-place density achieved and compaction effort to achieve it.  
Also, supply is uncertain – both in quantity & quality as the resulting TDA varies with the 
producer.  Sometimes, the use of scrap tires may be more expensive than construction with 
conventional materials.  Finally, like engineers, contractors are risk adverse. 

However, many of the barriers can be overcome using the following strategies: 

 Conducting lab studies to determine engineering properties, and environmental 
impacts. 

 Undertake additional pilot construction projects (full or nearly full scale) utilizing 
waste tire products in civil engineering applications. 

 Monitor long term engineering and environmental performance of these projects. 

 Modify specifications, and develop national and/or regional standards, etc. as 
needed to mainstream the use of recycled products in civil engineering 
applications. 

 Education by addressing concerns head on and focus on the benefits of utilizing 
these materials. 

2.0 Case Studies 

2.1 Stockpile fires 

Two major tire fires have occurred recently in California, one at Tracy and another in Westley: 

• Tracy - On August 7, 1998, a grass fire ignited an estimated 7 million tires at the 
unlicensed S.F. Royster Tire Disposal Facility in Tracy, California. It was 
extinguished, after 26 months, with water and foam in December, 2000. It was 
just recently cleaned up at a cost of 40 million dollars over the last 10 years.  

• Westley - On September 22, 1999, lightning ignited stockpiled tires which 
burned until the fire was extinguished on October 26, 1999. An estimated 2 to 3 
million tires burned and it cost an estimated $20 million to clean up.  

Tire fires emit clouds of noxious black smoke, carbon black, volatile organics, semi-volatile 
organics, polynuclear aromatic hydrocarbons, oil, sulfur oxides, nitrogen oxides, carbonoxides, 
and airborne particulates, such as arsenic, cadmium, chromium, lead, zinc, and iron, which pose 
serious environmental problems to air, water and soil. Spraying water on tire fires often increases 
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the production of pyrolytic oil, provides a mode of transportation to carry oils off site, and 
aggravates contamination of soils and water.  

The shape of a tire allows for easy entrance and containment of rainwater. This creates an ideal 
breeding habitat for mosquitoes and other pests.  Tires are non-biodegradable and bulky, and not 
environmentally friendly looking when stored outside in piles. 

2.2 Dixon Landing South 880 Onramp 

CIWMB worked with Caltrans to utilize shredded tires (TDA) as lightweight fill on the Dixon 
Landing/I-880 interchange project in Santa Clara County.  Light weight fill was identified as the 
cheapest option for this on ramp because it was to be built on bay mud, which was too weak to 
support the weight of traditional fill materials.  Also, slope stability and settlement is a major 
concern when construction embankments on weak soils.  TDA was chosen because it weighs one-
third to one-half as much as traditional fill material, and TDA had a much lower delivered cost 
than competing light weight fill materials.  The cross-sections of the fill, both perpendicular and 
parallel to the direction of vehicular travel are shown below: 

 

Figure 1. Cross Section View of Dixon Landing Embankment Fill Project with Two Layers 
of TDA 
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Figure 2. Dixon Landing TDA Embankment Project Profile 

 

Tire shreds were placed in two layers, up to 10 feet thick, and were wrapped in geotextile fabric 
and separated by a three foot layer of low permeability soil.  The 10 foot maximum TDA fill 
height was used to minimize internal heating that had lead to spontaneous combustion on earlier 
projects with a greater fill depth back in 1990s. 

One such fire involved a TDA tire fill on Fall Springs Road in Garfield County, Washington in 
October, 1996.  The engineers chose to fill a steep ravine with tire shreds instead of building a 
costly bridge.  A few months after the project was completed, the fill began to smolder, followed 
by flames flaring up through cracks in the road surface with oil running out at the bottom of the 
ravine.  Heavy equipment along with fire fighting crews were required to excavate the fill to full 
depth.  When the ignited tire shreds were exposed to oxygen during excavation, flames erupted 
engulfing the construction equipment.   It cost one million dollars to construct the fill and about 
three million dollars to remove the tire shreds and clean up the site. 

According to ASTM D6270, embankment heating can be prevented by not allowing TDA 
contaminated with gasoline, oil, grease, etc., limiting fine sized TDA, limiting the max TDA layer 
thickness is 3 meters (10 ft), and minimizing access of fill to water & air. 

On TDA construction projects, it is important to note that other than the haul units used to deliver 
TDA shown in Figure 3, no special construction equipment is required to spread and compact 
TDA fills.  TDA has a much lower density than traditional fill materials.  This means that haul 
trucks will be volume, not weight limited.  This reduces the total number of trucks required to 
complete a fill project, which maybe an important issue where traffic congestion or limited site 
access is a concern.   
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Figure 3 Unloading TDA from Long Haul Truck 

The material can be spread with bulldozers and compacted with standard (10 ton) rollers as 
shown in the Figures 4 and 5.  ASTM D6270 specifies that TDA be placed in one foot lifts and be 
compacted by passing over each point in the fill a minimum of six times per lift.  Note that 
traditional methods of determining in-place density like the sand cone and nuclear gages do no 
work with TDA.  Estimates of in-place density may be obtained by surveying the volume of the 
fill and knowing the total weight of TDA placed. 

 

 

Figure 4. Using Bulldozer to Spread TDA 
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Figure 5. Steel Roller was used to compact the TDA 

Unit costs for the Dixon Landing project were as follows: 

Placement costs of TDA (including geotextile)    = $3.74/yd3 

Purchase & delivery costs of TDA            = $23.66/yd3 

In-place cost for TDA         = $27/yd3 

In-place cost for lightweight aggregate      = $50/yd3 

 

Note that light weight aggregate was used for fill against the abutment as no data was available 
on the seismic response of TDA in that application.  Cost savings to CALTRANS with TDA 
provided at no cost by CIWMB was $477,000.  The cost savings to the State less the purchase 
price of TDA was $230,000.  This is the amount that using TDA saved tax payers.  This project 
was completed in August 2001, and has been monitored since with no performance problems to 
date. Figure 6 shows the completed embankment project using TDA. 
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Figure 6. Completed Dixon Landing TDA Light Weight Embankment Fill Project 

 

3.0 Civil Engineering Waste Tire Education Curricula Roadmap 

This module also covers an introduction to using scrap tires in civil engineering applications.  The 
following chart shows a roadmap of how information on utilizing scrap tires was spread out 
through the undergraduate curriculum at CSU, Chico.  Course teaching materials are available for 
each of the topics listed. 

 

 164



 

Intro to CIVL Design 

Transportation  Structures  Geotechnical  Environment 

Transportation 
Engineering 

Strength of 
Materials 

Soil Mechanics  Environmental 
Engineering 

Asphalt 
Materials 

Structural 
testing lab 

Foundation 
Engineering 

Waste 
Management 

Concrete 
Materials 

Contracts, 
Specs, and 
Technical 
Writing 

Figure 7. Roadmap of Teaching Waste Tire Applications in Civil Engineering 

 

4.0 Summary and Recommendations 

Although, there still remain barriers, Civil engineering applications are the fastest growing use for 
scrap tires in U.S.  TDA has many desirable properties that make it an ideal material for use in a 
variety of civil engineering applications, while helping to divert waste tires from the waste 
stream.  Although certain specifications and guidelines are available, more research and pilot 
projects are needed to gain confidence in the use of this recycled material.  Long term studies are 
needed to monitor long term performance, and to determine the environmental impacts.  

More work is needed both in terms of getting this material into the hands of educators and to 
incorporate new pilot project and research results that have been recently completed. 
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CIVL 311 Strength of Materials 
 

1.0 Introduction 

Before an engineer can ever determine how an engineered system will behave, one must first gain 
an understanding of the behavior of the materials from which it is made.  Knowing how materials 
behave helps engineers to choose the best materials for a particular project design, and, perhaps 
more importantly, to choose a project design that is best suited to the available materials.  In the 
earliest engineering projects, materials were limited, so designers made do with what they had.  
For example, the Romans used arches to develop compressive forces in stone structures whose 
connections performed poorly in tension.  As technology has advanced, many new materials have 
become available; however, the high cost of some of these materials makes them a poor selection 
for any project where cost effectiveness is a concern.  As the field of engineering progresses, 
engineers find themselves not only looking at the financial cost of materials, but also at their cost 
to the environment.  The challenge for engineers now is to design high quality projects that are 
both economically and environmentally efficient.   

The first step for civil engineers in the design of high quality projects that are economically and 
environmentally efficient is to gain an understanding of low cost, environmentally friendly 
materials that work well for civil engineering applications.  One such material is tire derived 
aggregate (TDA) and other similar products that can be derived from waste automobile tires, such 
as crumb rubber and tire buffings.  As you can probably guess, waste tires are extremely cheap; in 
fact, many people get paid to take them, therefore the only costs are typically for processing and 
shipping, which are often included in the cost of other materials as well.  In addition to being 
cheap, using waste tire products is environmentally friendly, as it helps reduce our ever-growing 
stockpiles of non-biodegradable waste, and waste tire products have many properties that are very 
useful in civil engineering applications.  

1.1 Engineering Properties 

Some of the engineering properties of TDA (and other tire derived products such as crumb rubber 
and tire buffings) that are important for design are:  Gradation: the range and relative frequency 
of the particle sizes, Specific Gravity: the density of the particles in proportion to the density of 
water, Absorption Capacity: the measure of a materials capacity to absorb water, 
Compressibility: The susceptibility of a material to change volume due to changes in stress, 
Resilient Modulus (for linearly elastic materials): area under the elastic curve for (i.e. A measure 
of ability to absorb and return energy) Resilient Modulus (for subgrade materials): a measure of 
elastic modulus defined as amplitude of stress divided by recovered axial strain, Time 
Dependent Settlement of TDA Fills:  change in volume verses time with consistent applied 
loading, Shear Strength: resistance to shear stress, Hydraulic Conductivity (Permeability): the 
measure of how easily water moves through the material, Thermal Conductivity: how well heat 
transfers through the material.   

In this chapter we will explore some general ways to examine properties like compressibility, 
settlement, and resilient modulus, that will allow us to gain a better understanding of some of the 
uses of TDA, but we will specifically emphasize how they relate to vibration mitigation, which 
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is the reduction of vibration by means of dissipating energy.  First however, it is important to 
address some of the major differences between TDA and some of the materials which are 
typically analyzed in mechanics of materials classes. 

1.2 Mechanics of Materials background (continuum versus discrete mechanics) 

It is important to understand that the discipline of mechanics of materials can be categorized in 
different ways.  One useful categorization to consider is continuum versus discrete mechanics.  
Continuum Mechanics deals with materials that have a uniform distribution of matter, do not 
contain voids, and are cohesive (meaning that all portions are connected together with no breaks, 
cracks, or separations).  Most, if not all, of the work done in typical mechanics of materials 
classes falls into the category of continuum mechanics.  Steel is an example of a material that 
should be analyzed using continuum mechanics. 

Discrete Mechanics is the study of how discrete materials behave. Discrete materials (such as 
soils and TDA for example) are not continuous, often have voids, and typically have minimal 
cohesion.  One must keep in mind that TDA is a discrete material and therefore withstands 
compressive forces, but not tensile forces, and it often fails in shear.  The shear strength of TDA 
is affected by multiple factors including the orientation of the tire shreds, their size and shape, 
how well they are packed, the magnitude of compressive normal force acting on the TDA, and 
even the apparent cohesion of the tire shreds to one another. 

2.0 Material Models 

One of the ways that engineers deal with complex materials is to make less complex models of 
the materials that behave similar to the material of interest.  In this section we will take a look at a 
few familiar material models that are easily understood.  In the following section we will learn 
how to simulate far more complex material properties by utilizing combinations of the simple 
models we already understand. 

2.1 Linear Elastic Material Model 

The linear elastic material model (Figure 1) behaves like an ideal or Hookean spring (one with 
constant modulus of elasticity).  It can be seen that stress and strain are always proportional to 
one another (the proportionality constant is the familiar Modulus of Elasticity of the material, the 
slope of the stress strain curve), it follows the same path for loading and unloading, (i.e. it 
exhibits elastic behavior) and is the same for every loading cycle.  Further investigation shows 
that simple integration (finding the area beneath the line) allows us to calculate the energy per 
unit volume required for any given strain.  It is important to note that the amount of energy 
returned when the material relaxes is exactly the same as the amount of energy required for the 
given deformation, therefore no energy is dissipated in the material; it is only stored and then 
returned mechanically. 

σ=εE     E=Δσ/Δε    F=σA    ΔL=εLo   V=ALo 

Energy stored per unit volume=∫σδε = area under stress-strain curve =1/2σmaxε 

Total energy stored=V*∫σδε=∫σΑ∗δεLo=∫FδL 
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Figure 1.  Linear Elastic Model 

 

 

 

It is important to remind students that this linear elastic behavior results in two different 
phenomena that make their lives easy in elementary Mechanics of Materials.  The first is that 
linear behavior gives rise to the nice linear equations that relate loading to stress (think bending 
stress = Mc/I and shear stress in torsion =Tc/J) and loading to deflection (think deflection of an 
axially loaded bar = PL/AE, or angle of twist of a shaft in torsion = TL/JG).  The second key 
thing is that since the loading and unloading curve  coincide and the material returns to its 
original undeformed shape and size following removal of the loading, one does not have to 
consider and keep track of the history of loading. 

 

Another important elastic property in continuum mechanics is the relationship between 
longitudinal and transverse strain for uniaxial loading.  For most structural materials this ratio is 
taken as a constant called Poisson’s ratio (ν).  It is interesting to note that theoretically Poisson’s 
ratio varies from -1 to 0.5, but for most civil engineering materials it is in the range from 0.3 to 
0.5.  Poisson’s ratio of zero implies no transverse strain in either direction, whereas a value of 0.5 
represents an incompressible material or with constant volume in uniaxial compression or 
tension.  Typical values for Poisson’s ratio are: nearly zero for cork, about 0.1 for concrete, 0.27 
to 0.3 for steel, 0.4 for nylon, and 0.45 to 0.5 for rubber!  The students should be reminded of the 
mathematical relationship between the elastic constants, E, G, and ν is G = 1/2E/(1+ ν).  

2.2 Elastoplastic Material Model 

The elastoplastic material model (Figure 2) is an extension of the linear elastic model in that it 
accounts for yielding of the material.  At the yield point it is assumed that the material cannot 
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take any additional stress and will continue to stretch without any increase in stress.  Again, the 
area under the curve can be used to determine the energy required/released in loading and 
unloading.  However, it must be noted that the any energy absorbed in the plastic range (beyond 
the yield point) will not be recovered upon unloading and therefore is dissipated as heat by the 
material.  Each time the material is plastically deformed, the plastic portion of the deformation is 
permanent (only the elastic portion is recovered); therefore the next loading cycle begins at a new 
starting strain.  This ideal model is very useful for analyzing many metals, such as steel, because 
it is a very simple, often relatively accurate, and generally conservative way of modeling their 
behavior. 

Energy stored per unit volume =∫σδε = area under stress-strain curve =1/2σmaxε where ε 
less than or equal to εy 

Plastic Portion: σ=εyE=σy      

Energy dissipated per unit volume=∫σδε= area under plastic stress-strain curve 

=σmax(ε−εy) 

ε 

εy 

 

.  . 

 
Figure 2.  Elastoplastic Model 

 
Material yields at (A).  Dashed line represents unloading path if material is released from strain at (B). 
Point (C) represents permanent deformation if material is released after reaching strain at (B).  
If loaded until stress and strain at point (B): Area OABB’= energy input per unit volume, Area CBB’= energy returned per 
unit volume, and Area OABC= energy dissipated per unit volume.  
 

2.3 Nonlinear Elastic Material Model 

Nonlinear Elastic models (Figure3) describe the behavior of Hencky materials, materials in 
which the required stress increase for a given increase in strain is not constant (variable modulus 
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of elasticity, often referred to as the tangent modulus).  It is important, however, to note that these 
materials still load and unload along the same path (hence the term ‘elastic’) and therefore no 
energy is dissipated these materials.   

Energy stored per unit volume=∫σδε = area under stress-strain curve. 
  

QuickTime™ and a
TIFF (Uncompressed) decompressor

are needed to see this picture.

 

σ 

ε  

 

 
Figure 3.  Nonlinear Elastic Model

 

2.4 Viscous Material Model 

A viscous material is one in which stress determines strain rate.  The model used for a viscous 
material is the dashpot, which is a hydraulic piston cylinder device and can also be called a 
damper.  Ideal viscous materials (Figure 4), also known as Newtonian fluids are represented by 
the linear dashpot, which is a dashpot whose stress verses strain rate ratio, defined as its 
damping constant, does not change. Non-ideal viscous materials (Figure 5), known as Stokes 
materials are represented by nonlinear dashpots, simply meaning that the ratio of stress verses 
strain rate varies for different stress levels.  It is important to remember that, for both linear and 
nonlinear dampers, none of the strain is recovered, which means that no mechanical energy is 
recovered, therefore all the mechanical energy that acts on them is dissipated (converted to heat 
energy).  Also, observe for the following equations that energy (force times distance) is 
proportional to how quickly deformation occurs, because force is proportional to strain rate. 

Damping ratio: η=F/(dL/dt)= Force/elongation-rate  OR  η=σ/(dε/dt)= stress/strain-rate 

Total Energy dissipated=∫FδL 

Energy dissipated per unit volume= ∫σδε 
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(a) 

(b) 

Figure 4.  Ideal (Newtonian) Viscous 
Material 

(a) Illustration of a dashpot  (b) Graphical representation 
Newtonian viscous behavior  

Figure 5.  Non-Ideal (Stokes) Viscous 
Material 

 

 

 

 

 

 

 
 

 

 

2.5 More complex Material Models 

Most materials are neither wholly viscous nor wholly elastic.  In fact, many materials can be 
classified as either anelastic, meaning that they load and unload along a different path and 
therefore dissipate energy, but return to the initial shape and size upon unloading, or viscoelastic, 
which means that they posses both viscous and elastic properties, and are therefore capable to 
dissipate energy as well, albeit with permanent deformation.  In reality, virtually all solids are 
viscoelastic, but we generally only call them viscoelastic if they behave too viscously to be 
estimated as elastic or vise versa.  In the following section, we will discuss a few basic types 
viscoelastic behavior and how to model them. 

2.5.1 The Maxwell Model 

Figure 6 illustrates a Maxwell Model of viscoelastic behavior.  The Maxwell model is simply a 
spring and dashpot in series.  Because the spring and dashpot are in series, they will always have 
the same force acting on them.  However, the elongation in the spring depends only on the 
present force, whereas the strain in the dashpot is the integral product of force and time.  Once 
each portion of the material model has been analyzed separately, they can be combined by 
superposition (i.e. just added together) to get the behavior of the model as a whole.  Due to the 
fact that stress determines the magnitudes of the total spring displacement and the rate of the 
dashpot displacement, when a constant load is initially applied (T=To), the Maxwell model acts 
just like a spring, but for the remainder of the time (T>To) it behaves as a dashpot.  Each time the 
load changes, the spring portion responds instantly by deforming in direct proportion to the load 
and then remains constant, whereas the dashpot simply undergoes a change in strain rate, but 
without recovering any past deformation. Notice that, because the dashpot is in series, the model 
will not return to its original position when it is unloaded, therefore energy is dissipated and not 
all deformation is recovered as shown below: 

ΔL (at time T) = FT/k + ∫ F/η dt      OR        ε (at time T) = σΤ/E + ∫ σ/η dt 

ε . = dε/dt 

σ 

η=
(a) 

(b) 

  
ε . 
σ  __  η = Constant 

 dε/dt =ε . 

T 

T0 T0 

T 

σ 
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If Force/stress is held constant:  ΔL= F/k + (F/η)*Δt      OR        ε= σ/E + (σ/η)*Δt 

 

σ 
Tan-1 __ 

η 

ε 

Time (t) 

Figure 6.  Maxwell Material Model 
Graph on left above is general behavior of Maxwell Material subject to constant stress.  Line OA is instantaneous 
elastic deformation, while the line beyond Point (A) represents viscous deformation with respect to time. 

Picture on the right above is an illustration of a typical Maxwell Model with applied load (P).  
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2.5.2 The Kelvin Model 

The Kelvin model (Figure 7) represents a spring and dashpot in parallel.  As a result the spring 
and the dashpot always have the same strain, but often different forces.  For any distinct load, the 
Kelvin Model has a corresponding distinct equilibrium position, which is exactly the same as that 
of the spring in the case that the dashpot was not even present.  However, because the dashpot 
always resists strain change in either direction, it will always resist moving toward the new 
equilibrium position and therefore dissipate energy.  It is important to recognize that the Kelvin 
and Maxwell Models both dissipate energy in the dashpot, but, in the Kelvin model, strain in the 
dashpot is recovered when the system is unloaded because the spring is connected in Parallel.  

To further understand the Kelvin model, it is important to look at a couple of important limiting 
cases.  The first such case is a very slowly applied load.  As the rate of increase (or decrease) in 
load magnitude approaches zero, the rate of strain change approaches zero, which means that the 
force in the dashpot approaches zero.  As the force in the dashpot approaches zero, the model 
becomes as if it were a spring only.  Therefore, it can be concluded that very slowly applied loads 
are resisted mostly by the spring and not much energy is dissipated in the dashpot.  

Conversely, a sudden brief load will result in a large force in the dashpot with very little force in 
the spring.  This is because the dashpot, whose force is proportional to strain rate, forces the 
system to deform slowly.  The spring, whose resistance is proportional to total strain, regardless 
of strain rate, will never offer much resistance because the system deforms very little under brief 
loading.  In this case, virtually all the energy is dissipated in the dashpot.   
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From these two extreme cases, we can see that, in addition to the relative strengths of the spring 
and dashpot, the rate in which loading and unloading occurs is of great significance in 
determining the force in each and the amount of energy stored and dissipated.  

 

 

 

δ δ 

F F 

Figure 7.  Kelvin Model – Area contained by each loop correlates to total energy dissipated by 
one loading cycle. 

Left:  Strong dashpot and/or quick loading and quick unloading = high viscous resistance   Middle:  Relatively slow loading and 
unloading and/or relatively weak dashpot = low viscous resistance 

Right:  Infinitely slow loading and unloading or infinitely weak (no) dashpot = no viscous force 
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2.5.3 The Burgers Fluid Model  

A more general material model is the Burgers Fluid Model (Figure 8), which consists of a 
Kelvin model in series with a Maxwell model.  This is a fairly general model in that it can 
simulate a material’s ability to store and dissipate energy, deform elastically and viscoelasticaly 
and recover some, but not all of the strain caused from loading.  This model includes all the most 
basic material properties in conjunction with each other and can be adjusted to represent a wide 
variety of materials.  For higher accuracy, it may often be necessary to add nonlinear and/or 
elastoplastic springs and non-Newtonian dashpots, but the underlying concepts do not change.  
For example, TDA (and many soils) will slowly compress over time (settlement/consolidation), 
but the farther they compress, the slower the compression progresses until they virtually stop 
compressing.  On a small scale, this is primarily due to a reduction in voids, but viewing the 
material on a larger scale allows us to simplify the analysis by imagining the material as having a 
nonlinear dashpot in series that ‘bottoms out’ at the point where the consolidation reaches its 
limit.  

Just like Maxwell and Kelvin models, it is most natural to deal with Burgers Fluid models in 
terms of force and displacement, but these can easily be generalized to stress and strain to 
represent a material independently of its size.   
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 Figure 8.  Illustration of Typical Burgers Fluid model 
Linear springs and dashpots are used in this example, but they do not necessarily need to be linear  

 

2.5.4 We’ve Presented the Models: Now What? 

For engineers, it is important to understand the concepts of these material models.  Although one 
is never likely face a situation in which they are required to analyze a material as a system of 
springs and dashpots in regular engineering practice, they are likely to work with viscoelastic 
materials and it is important to use their knowledge of material mechanics to predict things such 
as deflections, short and long term settlement, energy absorption, etc.  For the remainder of this 
chapter we will examine one way in which engineers are using the knowledge of viscoelastic 
properties to utilize TDA in civil engineering projects.   

 

3.0 Case Study: Vasona Light-Rail Project 

3.1 What are we looking for? 

Tire Derived Aggregate (TDA), because it is made of viscoelastic particles (rubber), has the 
possible benefit of mitigating vibration. However, to design an experiment to test only whether or 
not vibration is mitigated by TDA would fall far short of answering the bigger question which is, 
“Should we use TDA as subbase under the railway or not?”  To answer the bigger question, it is 
important to weigh the benefits verses the costs.  This raises several smaller questions such as; 
how well does the TDA mitigate the vibration?  How great a benefit is there if the vibration is 
mitigated?  How well does the TDA perform structurally compared to the alternative?  What is 
the environmental impact?  Will construction costs increase or decrease?   

To answer these questions, the following experiment was conducted by the California Integrated 
Waste Management Board (CIWMB), the Valley Transit Authority (VTA), Korve Engineering, 
Wilson, Ihrig &Associates, and Dr. Dana N. Humphrey (University of Maine) at the VTA 
maintenance yard in San Jose, CA. 
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