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Absiraod— In this paper, we investigata the ap-
plicability of some relaticnal stvength measures
when comparing snd analysing Hesse diagrams.
The struciures wsed were derived firnm a particu-
lar line of ressarch at our Department, ongoiag as
of this writing, that deals with human percepiion
of an wrban environment.

1. InTRODUCTION

A methodalogy for comparing Husee diagrams is pre-
eenied in this paper. The Hosse diagramas used are derived
from date coflected in an Urbanistics project, described
in [1], that investigates humen perception of an urban
eavironment. Knowledge waa ¢liciied by allowing inter-
viewoes to “relate™ bipolar constructs, contalning both
pouitive and negative poles, with tangible landmarks in
the vicinity of their neighborhood. The ttlangulsr prod-
ucta of these fexzified relations wore used to darive, any,
construct—construet relationn from which Hasge dingrams
are generated. Thess diagrams represent certain knowl-
edge siructures that the interviswss possessen.

II. Hasa® Disapams

Halations are analysed in order to extract deep struc-
ture from therm. Oue way to do this is to derive certain clo-
sures and interiors depending on the relational properties
under investigation, Perhaps one of the most interseting
group of proportiss is that exhibited by orders and pre-
onders. Normally, Hasse diagrama are used to graphically
ilinatrate the different eategorios hidden by such relations.
A. Processing Methodology

The dete used In this Investigation were processed using
» conreptusl procedure presented In [3].Given voms fuxsy
relation T C X x Y, fusey lossl precorders (pay, £ C X x X)
were derived by taking the local preorder closure of the
triangle product! (T o T-1).

1Thls ssudy waa reatricted bo the v of the Klests-Tieom finey
implicatlon aperator.
0-TRO3-0614- TX:3503.00 £1993[EEE

The following Fasscfication procedurs, given o [, in
then ysed

. Tuke an a—cut R,..
.Fm-mS-nrmmiR. Thiv is & local eguivalance.
. Remove the sero—clats Co, consisting of all ='s un-
related by S to any elementa.
. Let K be the facior act of X \ €y necording to S,
. Denote by < the factor reletion B./S, an order.

. Let P =(E, =}, Draw the Hamee diagearn F(P).

B. Gruph Theorstic Concepis

A puir P = (E, <) in & (partially) ordersd set if for all
’lF?’EE

Loz

2y yLzimplimz=y

3. sy yrimplimz <
F = (E,%) can slao be interpretad as s dirscied preph
£ = DX ) defined on b set E of vertices and with edges of
the form {z,1) whenerer z % 3. The comparabiliy groph
@ = G(P) ia the undirected veraion of D{P). Hence, G(P)
has vertez set E and edges {z, 3} whenever £ < p. Note
that in cases when the relation is a strict order, D{P) and
@(F) may be defined without loops [3].

Wesnythat yeoven zif s < yand there sno s € E
sch that z < x < y. Hence, the complate information
sbout P is coninined in the Hasee diagram & = H{P),
namely the subgraph of D(P) retaining just the covering
edgea. Unually H(F) is drawn as an undirected graph with
the understanding that the orientation is from “bottom™
to “top™.

. Choosing Alpha-Cxila

By taking warious alpha—cuts on the relations consid-
ered, one can note the relationship betwesn the cardinal-
ity of the factor set |X|, the mean fussy candinality of

I1We denote & formulation for the masn fomy cardnality of &

faxxy ralation R Ly
R = F%?i_}ﬁ

[ I S~ T

134



TABLEI
NUMSER OF STRATA AND CARDIMALITIER FOR VARIOUY

ALPHA—UTE CONSIDERED
Original | a—wi No. of Facior Sat  Jactor Kelation
Relation | Volue Sirtu |1 R
040 ) ) 0750
0.50 3 “ 0563
1?7 | 0.80 5 13 0313
0.80 a 10 0280
1.00 2 & 0377
.20 T n 0243
0.40 2 é 0.312
10 | 00 2 ‘ 0.377
0,50 2 10 0.180
1.00 3 It 0.153
0.40 1 1 1.000
ezl | 050 4 8 0.472
0,60 1 T 0.428
0,80 g 2 0,858

the factor relaticn, and the number of strats in the cor-
responding Hasse diagram. Notice from ‘Table I that the
cardinality of the factor sot, which i the muimber of nodes
in ths Hases disgram, peaks at sbout the sames a—eut that
the oumber of sirata peske. Wa based cur choize of valom
btg—munnthilahmvlﬁnn. The & values eomaldered
Arar

s o= 0.80 and o = 0.B0 for gz1T

r o= 0.80 and & = (.80 for grik

e o= 0.50 and & = 0.00 for gz21

The corrapending Hasee disgrams for the o—valucs cho-
sen are lluatratsd in Figures 1 to 6. To identify the Haase
diagrams considered, “Hy ;" will denote the Hases diagram
for gxi ut an alpha~cut of & = §. 8o, Hyp .00 dencten a
Heasse dingrato for gril at o = 0.00,

III. A MeTEOD FoR MAPPING HASSE DIicRakis

In [6], fuszy relational products were wed in comparing
and verifying the eorrectness of medical Imcwladge strne-
tures. Several alpha—cuis and fursy implication operators
wers considered in that study.

Hamse diagrams in this stndy reprosent desp strucinre: a
relation between (equivalencs) clamses. Let Py = (A, <4)
and P = {H,=%p) be twc (partially} ordered sets ob-
twined thyvough the Hassefication procedure in the previous
soction. Then, A and B are mbaets of 2% for some set X;
i.e A, BC 23X, Wecan deflus n ism between
the Hasse diagrams Hy = H{Py) snd Hpg = H(Ps) ta

#The gre's indlceis dats fimm ke DRM project mpressnting
kvowledge stroctures alicited from Interviewses. Any other detalled
spocification ks brrelevant $o the pressnt sindy.
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Pigure 4: Hyv,0.20, Hasee diagram for gr1? at o = (.80

be a function F : Hy — Hg thoi maps from H4 0 Hp
consisting of & peir F = {f, g} where

s J: A= P isamapping betwsen the factor cets of
Hy and Hg {F C 2% x2%); and

» g i a partial mapping from paths in H, into pathe

in Hg (based on the fartor relations (s and ~ig).

Defining the mappinga f and g wes discnssd in the naxt
two asctiona. The notatione are a modificating of that
waed in [4].

A, Mapping Nodsy Bapween Haar: Diggrama

There are many ways to deflne & mapping f between the
facter meta of two Hemee disgrama under consideration. For
example, one may e the notion of contairment. In our
cage, the mapping f was basad an the noticn of overlap.

Wea whh to form F ' Hy ~— Hg to ba some mapping
beitween the Hasee diagrams H, aod Hy. Define [ ma
follows: mateh & node 2 £ A with & node § € B, which are
of course {equivalence) classes?, if the two nods=e overlap.

For simplicity, we can use the following function to de-
ncribe f:

rem = { oo Saert b

From Fignrs 7, since M § = {d} # B, then f{¥, 5 =1.00.
Similerly, @ N7 = {a} # B, and oo f{23,F) = 1.00. Of
courve, J(Z, F) = f(4%, #) = 0.00 since both thess pairs of
nodes dn not overlap.

The use of the overhead bar was to amnphasks that # and § srw
.:h.llhrllll;!,ﬂEix.
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Figure §: Hyp0,40, Hame diagram for grig st a = 0.60

Figure 4: H1an.x0, Hasse diagram for gris at o = 0.80

A more restrietive mapping may be deeived hy fuxify-
ing the above function further. For exampls, we can use
the notion of cardinalities to define f as
EARET

e = Loa

(2

Io this cass then
fEg = e = 100 end

Equation (1) was ueed in defining f for the analynes pre-
sentsd in this peper.

B. Mapping Paths Belwesn Hasse Dingrama

Bimilarly, there are & number of wayu to define the map-
ping ¢. This mapping will depend on tha node mapping
J. Consider all Z,% € A wuch that f{7) = §, (1) = 2
for .5 € B. If (F,8) € P4 and {ff, ¥) € Fp then we can
match thess two pathe. An implieation nperator may be
used in crder to darive the degree to which thess paths
are mapped:

) {E’: lﬁ}. {.FI 'ﬂ'} = dng {E-F.ll."iII - iPB’) {a]

From Figure 7, P4 sod Py ace crisp relationa. This re-
sults from the Hasseflcation procadurs nsed in the Urban-
istica project: the factor sets nnd factor relations are crisp.

Figure §: Ha; p.50, Hasee diagram for gr2i at o = 0.40

Fignre §: Hq; p.00, Hasee disgram for gr2i at o = 0.80

Hence, g ((2,2), (5. E)) = dog (FFa — §Ppd) = 1.00.
In thia case, the choice of fuszy implication operator to
use becomas irrelevant.

A fussiar value for g may be computed if instead of using
the factor relations, say 2P.tP, we use the local precrder
closure R4 to derive \/ xR wlorall z € Z and w € .
Referring to Figures § and 9

e = sRaw = dRs e = 0.50;
aEN wE
gPo¥ = \/ yRas

yEFET

= V{dRA'“: dmﬁbldﬂﬂcldﬂ‘e}dﬂﬂf}

= \/{1.0,0.8,08,0.6,1.0} = 1.00

And so
p((E%),(75) = dug(0.60—1.00)

((1-0.60)v1.00) = 1.00.

Equation (3) wan msed for the mappings desived in this
sbudy. Although there are ciher ways to meke the path
mappings more restrictive, the comparison and ivestiga-
tion of chese and other approaches are heyond the scope
of the current inveatigasion.

Figure T: Sample portion of two Hase disgrams
NOTE: This figure waa derived from the Huas
diagram mapping F: Hirgaso =+ Hunw (refer
ta Figares 2 wnd 3) where £ = {d], @ = {a],
LT{‘EH;.M!?E&&,EI‘.,:J}. I"_Iﬂ;sgmfdﬂu:
Sy e L S e

-
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b £ d u L 1
.6 ¢.6§ 0.8 9.6 0.8 0.8 0.4 ¢
.5 .68 .§ .6 .6 . .F .6 .5 .6 .5 .E .6
.5 ¢ 1 0.6 .6 0.6 0.E 0.4 ¢
&5 .6.6 1.6.8.9.61.6.6.5.6.90
1.4 0.8 0.5 0.5 &.B 0.8 0.4 0
. .5 .% .6 .5 .0 .% .6 .6 .5 .6 .6 .5 .8
.6 0.9 0.6 0.8 0.E 0.6 0.4 0
'E‘ 'E i‘ -5 IE IE !5 !‘ is I'E tE‘ IE I-E I-E
a.6 0. 0.6 0.5 01 0.6 @409
.5 .8 L .5.6.,8.5.5.611.5.56.08
.6 0.8 0.6 .5 0.6 0 1 Q.40
.5 .%.86 5 6.8.6.61.E6.5 1.5.%
£,6 0.0 0.8 9.6 0.B ¢.8 0.8 0
.5 4.6 .4.6.4.6.4.6.4.6.4.4.8

Figure 8: Local precrder closure of gri7.

b £ d n - 1
1 ¢.6 4 C 2.4 01 0¢.6010
2 1.2.8.4.94.2.8.2.5%.2.9.1.%
c.2 % 1 000401 0.60 1210
.2 ..u ..! 1 .2 .B 1.2 l& 12 I‘ I= !“ li 'l‘
d.0 0.8 21 0.401090.6801020
2 0.2 0 ¢ 1.2 0.2 0.2 0.7 09
.8 0.8 09 010 1 0.801070
2 .4 .2 4,2 4.2 1.1 r“ 12 4.2 4
.8 0.8 00 0.4 010.8 0.8 0
.2 1.2 1.2 1.2 1.2 1.2 1.2 1
«a.8 0.6 0 0 0.4010 1 010
.2.6.,2.4.2.6.2.4,2.6.21.1.8
£.8 0.6 0 ¢ 0.4 01 0.8 010
21.21.%21.21.2.82.21.21

Figure 9: Lacal precrder cloqurs of gria.

IV. Susary of RESULTS

Mappings were derived both within Hosss diagruoms
(the diagrams ennsidered come from the same data source,
e.g. both from gri7) and bedwesn Hasse diogrsme (com-
ing from different sources). In Tuble IL, $he cardinnlitics
of both the crigioal factor sets and factoe relations are
gwmmserized, along with the valuss for the corranponding
indxced direcled sndgraphs for each mapping considerad in
this papee, Racall that the factor sets are dencted by A
snd B and the resultant factor relations are F, and Fg.
Wa can dedues the following about the mappings used if
wa forus on the valnes for the induced subgraphs rather
than the eiginal grapha:

1. || 2 max{jinduced A|, |indvced B[); and

3. lg| > max(|inducad Fy|, |tnduced Pal).
This pattern is observed when considerivg the indueced
subgraphs. Whereas no observable patiarns ate observed

when relying on the original graphs.
In order to derive an cstimate of the “goodnem of Bt™

of the mappings pressnted in this paper, the following

TABLE I
ECALAR DARDINAIIIIRS FOR ORMINAL AND INDUCED GRAPHE
Hﬂ”fﬂg .E'A Hp

Fi .Eé—bﬂrp eripinal  indused  aviginxl  sadeced

1ro.s0=+Hiroem 1345 10,18 10,35 10,33
Funomo~rHigga | 410 6,14 018 10,13
3 pon—Hyy o0 617 81T Ta1 721

wosa—Hinom | 1345 13,51 5,10 4,10
Hyromo=—fHpe | 10,20 10, 810 4.0
Hupm—Hanw | 610 LK 8,17 6,16
.Eua.“ —'H';'rlu.lﬂ 1“.13 10,1‘2 1’,-'-5 12.1!
Hups—Hpram | 61T 5,13 13,45 6,11
Hyippo—Hiaos | T21 T.19 6,10 3,5

NOTE: The mmbets 5, ;1 indicuts caydimafities for the
factor set aad for the factor relation, respoctively.

mathodeology was used; obiain & meaesurs for both the
pode maps and the path mapa for each geaph pair by
dividing the scalar cardinality of the induced greph by
the acalar cardinality of ths original graph. Hence,

¢ for the node mapping, f, uee

|induced 4| |induced B|
|origmel A" |original B

ma

v for the path mapping, g, use

uduced = infwced
)
These values nee ligted in Table TI. Nokice that the values
obtained for the mappings within Haste diagrams indicate
excellent fit, Thie supporta the plansibility of the mapping
metbod introduced in this paper. The table also seema to
indicate that of all the mappings Sstween Hesor diagrama
cansidsred, the one with the best fit ia Hiz 090 —~ Hiane-

TABLE M1
ESTDMATES OF “GO0DNESS OF FTT" FOR HAZSE MAPFINGS

Mapping Nodea Mop  Links Map
F:H;; -+ Hy I g
Hiznee — Hirome 1.000 1000
Hiznes = Hupam 1.000 1.000

M’i& 1.00D 1.000

1roae = H100.60 1.000 1.000
Hirom — Hunom 1400 0.a57
Huovs = Hupmo 1.000 0941
Huspan — Hirpea i.000 0085
By paa = Hiz 000 1.0M0 0.705
Ha 000 =+ T2vpw 1.000 0.004
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V. CoroLUoNs AXh RECOMMENDATIONS

The kind of mappings presented 1n this paper may be
weed to compute certain conpruences betwesn mtructures,

In [5] nnd [7] ibe significance of the congrusuce between
the aspsitisl and apatisf struchures that constitoie & hyper-
systam for urban knowledgs reprasentation is discusesd.
Congruences botwosyy oaiwal and normaifive structures are
abbo mentioned. In perticular, the Siructure Comparaior
of the proposed General Mete—Knowledge Base in [7] may
ume thewe formulations to “sssans tha overall degres of con-
gruence between two given siructures”.

Congraence may be used to determine which groups
of people share the same view of thasir urban surround-
ings. This may alss be used to approximats degress of
satisfartion with tha uvhan sovircnment, Urban planners
could use such information to determine which part of the
city oeads more immediste atiention. It ja hoped that
the methodology presented in this papsr will eventually
be embodied in & working system that will automate the
analyss and diagnosia of data from certain urben studies.
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